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DESINGULARIZATION OF VORTICES FOR THE EULER
EQUATION
DIDIER SMETS AND JEAN VAN SCHAFTINGEN
Abstrat. We study the existene of stationary lassial solutions of the in-
ompressible Euler equation in the plane that approximate singular stationary
solutions of this equation. The onstrution is performed by studying the
asymptotis of equation −ε2∆uε = (uε− q− κ
2pi
log 1
ε
)p
+
with Dirihlet bound-
ary onditions and q a given funtion. We also study the desingularization of
pairs of vorties by minimal energy nodal solutions and the desingularization
of rotating vorties.
1. Introdution
1.1. Singular solutions to the Euler equation. The inompressible Euler equa-
tions { ∇ · v = 0,
vt + v · ∇v = −∇p,
desribe the evolution of the veloity v and the pressure p in an inompressible ow.
In R
2
, the vortiity ω = ∇× v = ∂1v2 − ∂2v1 of a solution of the Euler equations
obey the transport equation
ωt + v · ∇ω = 0
and the veloity eld v an be reovered from the vortiity funtion ω through the
BiotSavart law
v = ω ∗ 1
2π
−x⊥
|x|2 ,
where x⊥ = (x2,−x1). Speial singular solutions of the Euler equations are given
by
1
ω =
k∑
i=1
κiδxi(t),
orresponding to
v(x) = −
k∑
i=1
κi
2π
(x − xi(t))⊥
|x− xi(t)|2 ,
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One needs to give a meaning to the equation in this ase, sine the veloity eld generated
by a vortex point is singular preisely on that vortex point. It onsists in onsidering that eah
vortex point is transported only by the veloity eld reated by the other vortex points (see e.g.
S. Shohet [40℄ for details and further disussion).
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and the positions of the vorties xi : R→ R2 satisfy
x˙i(t) = −
k∑
j=1
j 6=i
κj
2π
(xi(t)− xj(t))⊥
|xi(t)− xj(t)|2 .
In terms of the KirhhoRouth funtion
W(x1, . . . , xk) = 1
2
∑
i6=j
κiκj
2π
log
1
|xi − xj | ,
the positions obey Kirhho's law
(1) κix˙i = (∇xiW)⊥,
whih is a Hamiltonian formulation of the dynamis of the vorties.
In simply-onneted bounded domains Ω ⊂ R2, similar singular solutions ex-
ist. If one requires for example that the normal omponent of v vanishes on the
boundary, the assoiated KirhoRouth funtion is then given by
(2) W(x1, . . . , xk) = 1
2
∑
i6=j
κiκjG(xi, xj) +
k∑
i=1
κ2i
2
H(xi, xi),
whereG is the Green funtion of−∆ on Ω with Dirihlet boundary onditions andH
is its regular part.
2
One an also presribe a ondition vn on the outward omponent
of the veloity on the boundary. Sine we are dealing with an inompressible ow,
the boundary data should satisfy
∫
∂Ω vn = 0. Let v0 be the unique harmoni eld
whose normal omponent on the boundary is vn; i.e., v0 satises

∇ · v0 = 0, in Ω,
∇× v0 = 0, in Ω,
n · v0 = vn on ∂Ω,
where ∇ × (u, v) = ∂1v − ∂2u and n is the outward normal, then the positions of
the vorties are obtained by the modied law
x˙i = (∇xiW)⊥ + v0.
Sine Ω is simply-onneted v0 an be written v0 = (∇ψ0)⊥ where the stream
funtion ψ0 is haraterized up to a onstant by
(3)


−∆ψ0 = 0 in Ω,
−∂ψ0
∂τ
= vn on ∂Ω,
where
∂ψ0
∂τ
denotes the tangential derivative on ∂Ω. The KirhhoRouth funtion
assoiated to the vortex dynamis beomes then
(4) W(x1, . . . , xk) = 1
2
∑
i6=j
κiκjG(xi, xj) +
k∑
i=1
κ2i
2
H(xi, xi) +
k∑
i=1
κiψ0(xi),
see C.C. Lin [30℄ (who uses opposite sign onventions).
2
The funtion x 7→ H(x, x) is alled the Robin funtion of Ω.
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1.2. Desingularization of vorties. One way to justify the weak formulation for
point vortex solutions of the Euler equations is to approximate these solutions by
lassial solutions. This an atually be done, on nite time intervals, by onsidering
regularized initial data for the vortiity (see e.g. C.Marhioro and M. Pulvirenti
[33℄).
Critial points of the KirhhoRouth funtion W give rise to stationary vortex
points solutions of the Euler equations. As noted above, these weak stationary
solutions an be approximated by lassial solutions of the Euler equations. These
do not need be stationary solutions though, and one an wish to approximate the
stationary vortex-point solutions by stationary lassial solutions. In the simplest
ase, orresponding to a single point vortex in a simply-onneted domain, we
obtain the following
Theorem 1. Let Ω ⊂ R2 be a bounded simply-onneted smooth3 domain and
vn : ∂Ω→ R ∈ Ls(∂Ω) for some s > 1 be suh that
∫
∂Ω
vn = 0. Let κ > 0 be given.
For ε > 0 there exist smooth stationary solutions vε of the Euler equation in Ω
with outward boundary ux given by vn, orresponding to vortiities ωε, suh that
supp(ωε) ⊂ B(xε, Cε) for some xε ∈ Ω and C > 0 not depending on ε. Moreover,
as ε→ 0, ∫
Ω
ωε → κ,
and
W(xε)→ sup
x∈Ω
W(x).
Other situations, orresponding to pairs of vorties of opposite signs, multiply-
onneted bounded domains or unbounded domains are disussed in Setion 6.
We are aware essentially of two methods to onstrut stationary solutions of the
Euler equations that we all the vortiity method and the stream-funtion method.
The vortiity method was introdued by V.Arnold (see [4, Chapter II 2℄),
and was implemented suessfully by G.R.Burton [14℄ and B.Turkington [42℄. It
roughly onsists in maximizing the kineti energy
1
2
∫
Ω
∫
Ω
ω(x)G(x, y)ω(y) dx dy +
∫
Ω
ψ0(x)ω(x) dx +
1
2
∫
Ω
|∇ψ0|2,
under some onstraints on the sublevel sets of ω. The funtion ω is the vortiity of
the ow and a stream funtion ψ is the solution to{−∆ψ = ω in Ω,
ψ = ψ0 on ∂Ω.
Considering suitable families of onstraints on the sublevel sets of ω, one an obtain
families of solutions onverging to stationary vortex-point solutions. The dieren-
tiability of those solutions is not guaranteed (the solutions orrespond to vortex
pathes of onstant density).
The stream-funtion method starts from the observation that if ψ satises
−∆ψ = f(ψ),
for some arbitrary funtion f ∈ C1(R), then v = (∇ψ)⊥ and p = F (ψ) − 12 |∇ψ|2,
with F (s) =
∫ s
0
f form a stationary solution to the Euler equations. Moreover, the
veloity v is irotational on the set where f(ψ) = 0.
We now set q = −ψ0 and u = ψ − ψ0, so that u = 0 on ∂Ω and −∆u = f(u− q)
in Ω. If we assume that infΩ q > 0 and f(t) = 0 when t ≤ 0, the vortiity set
{x : f(ψ(x)) > 0} is bounded away from the boundary. When f satises also some
3
Here and in the sequel, smooth means Lipshitz and is suient for our goals.
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monotoniity and growth onditions, Ω = R2+ and q(x) = Wx1+d withW > 0 and
d > 0, J. Norbury [36℄ has shown the existene of solutions to −∆u = νf(u − q),
where ν > 0 is a Lagrange multiplier a priori unknown by minimizing
∫
Ω|∇u|2
under the onstraint ∫
Ω
F (u − q) = µ
in H10 (Ω) when Ω is the half-plane R
2
+. M. S. Berger and L. E. Fraenkel [10℄ have
obtained orresponding results for a bounded domain Ω ⊂ R2, and they began
studying the asymptotis for variable µ and q, but the lak of information on ν
remained an obstale.
The unknown ν an be avoided by minimizing
∫
Ω
1
2 |∇u|2 − 1ε2F (u − q) under
the natural onstraint
∫
Ω
1
2 |∇u|2− 1ε2 uf(u− q) = 0. Yang Jianfu [46℄ has used this
approah in R
2
+ with q(x) = Wx1 + d and has studied the asymptoti behavior of
the solution uε when ε→ 0: If
Aε = {x ∈ R2+ : f(uε − q) > 0}, κε =
1
ε2
∫
Ω
f(uε − q),
and xε ∈ Aε, then diamAε → 0, dist(xε, ∂R2+)→ 0, and
uε
κε
−G(·, xε)→ 0
inW 1,rloc (R
2
+), for r ∈ [1, 2). Li Gongbao, Yan Shusen and Yang Jianfu [28℄ obtained
a similar result on bounded domains, with the additional information that q(aε)→
minΩ q. These results are in striking ontrast with the observation made at the
beginning that the dynamis of the vorties is governed by the KirhhoRouth
funtionW dened by (4), whih implies that stationary vorties should be loalized
around a ritial point of x 7→ κ22 H(x, x)− κq(x).
In fat, the results in [28,46℄ do not answer the question about the desingulariza-
tion of stationary vortex point solutions to the Euler equation. Indeed, in the ase
of bounded domains for example, their solutions satisfy ‖∇u‖2L2 = O
(|log ε|−1), so
that testing the equation against the funtion min(uε, q) and using the fat that q
is harmoni and nonnegative, we have
κεmin
∂Ω
q ≤ 1
ε2
∫
Ω
f(uε − q) =
∫
Ω\Aε
|∇uε|2 = O(|log ε|−1),
i.e. κε → 0. In some sense, the family of solutions uε provides a desingularization
of point-vortex solutions with vanishing vortiity. The asymptoti position is on-
sistent with the fat that when the vortiities tend to zero, the term
∑k
i=1 κiψ0(xi)
beomes dominant in the KirhhoRouth funtion (4).
In order to desingularize point-vortex solutions with non-vanishing vortiity, M. S.
Berger and L. E. Fraenkel [10, Remark 2℄ suggest that q should grow like log 1
ε
. This
brings us to the study of the problem
(Pε)

−∆u
ε =
1
ε2
f(uε − qε) in Ω,
uε = 0 on ∂Ω,
where qε = q + κ2pi log
1
ε
.
In Setion 2, we study (Pε) in a bounded domain: we rst onstrut solutions and
then analyze their asymptoti behavior. Theorem 1 is an easy onsequene of the
results in Setion 2. In Setion 3 we present and extension to multiply-onneted
domains, while in Setion 4, we present an extension to unbounded domains whih
are a perturbation of a half-plane. In Setion 5 we modify slightly (Pε) in order to
onstrut desingularized solutions for two point vorties of opposite signs.
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As a nal remark, our results seem onneted with the work of M. del Pino,
M.Kowalzyk, and M.Musso [18℄ on the equation
−∆u = ε2K(x)eu
for whih the energy onentrates in small balls around points xε1, . . . , x
ε
k. These
points tend to a ritial point of the funtion −∑ki=1 2 logK(xi) − 8πH(xi, xi) −∑
i6=j 8πG(xi, xj). The onnetion is lear when one rewrites their equation as
−∆u = 1
ε2
exp(u + logK − 8pi2pi log 1ε ). Other related work inlude the study of the
equation −∆u = up as p→∞ by P. Esposito, M.Musso and A. Pistoia [19,20℄, and
the reent work of T.Bartsh, A. Pistoia and T.Weth [5℄ in whih systems of three
and four vorties are desingularized by studying the equation −∆u = ε2 sinhu. In
all the referenes, whereas the vortiity onentrates at points, its support does not
shrink as ε→ 0.
We also bring to the attention of the reader that there is a similar situation with
similar results for three-dimensional axisymmetri inompressible invisid ows by
vortiity methods [13, 23℄ and stream-funtion methods [1, 9, 47℄. However we are
not aware of a ounterpart of the present work for three-dimensional axisymmetri
inompressible invisid ows.
Aknowledgements. This work was initiated during a visit of the seond author
at Laboratoire Jaques-Louis Lions of Université Pierre & Marie Curie. The authors
wish to thank Frank Sueur for fruitful remarks following a rst version of the
manusript.
2. Single vorties in bounded domains
In this setion, Ω ⊂ R2 is a bounded simply-onneted smooth domain, f : R→
R is the real funtion dened by f(s) = sp+ for some 1 < p < +∞ and where
s+ = max(s, 0), κ > 0 is given as well as q ∈ W1,r(Ω) for some r > 2.4 We
will onsider solutions of the boundary value problem (Pε) where ε > 0 is a real
parameter. The solutions we onsider are the least energy solutions obtained by
minimizing the energy funtional
(5) Eε(u) =
∫
Ω
( |∇u|2
2
− 1
ε2
F (u− qε)
)
over the natural onstraint given by the Nehari manifold
N ε = {u ∈ H10 (Ω) \ {0} : 〈dEε(u), u〉 = 0} ,
where F (s) = 1
p+1s
p+1
+ is a primitive of f . It is standard to prove the (see e.g. [44,
Theorem 2.18℄)
Proposition 2.1. Assume that qε ≥ 0 on Ω, so that N ε 6= ∅, and dene
cε = inf
u∈N ε
Eε(u).
Then, there exists uε ∈ N ε suh that Eε(uε) = cε, and uε is a positive solution of
(Pε).
Note that q is bounded sine r > 2, and therefore qε ≥ 0 provided ε is suiently
small.
4
Notie that for the proof of Theorem 1 we only require a harmoni funtion q but the proofs
of Theorems 7 and 9 require more general q.
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Our fous is the asymptotis of uε when ε→ 0. In order to desribe the asymp-
toti behavior of uε, we introdue the limiting prole Uκ : R
2 → R dened as the
unique radially symmetri solution of the problem
(Uκ)


−∆Uκ = f(Uκ),∫
R2
f(Uκ) = κ.
For every κ > 0, there exists ρκ > 0 suh that
Uκ(y) =


Vρκ(y) if y ∈ B(0, ρκ),
κ
2π
log
ρκ
|y| if y ∈ R
2 \B(0, ρκ),
where Vρ : B(0, ρ)→ R satises{−∆Vρ = V pρ in B(0, ρ),
Vρ = 0 on ∂B(0, ρ).
One an show that κ = γρ−
2
p−1
, for some onstant γ > 0 depending on the value
of p.
The Kirhho-Routh funtion W for one vortex of vortiity κ is dened by
W(x) = κ
2
2
H(x, x) − κq(x).
Let us also dene the quantity
C = κ
2
4π
log ρκ +
∫
B(0,ρκ)
( |∇Uρκ |2
2
− U
p+1
ρκ
p+ 1
)
.
While the funtion W depends on x ∈ Ω and on κ, the quantity C only depends on
κ and on p.
We set
(6)
Aε =
{
x ∈ Ω : uε(x) > qε(x)
}
,
ωε =
1
ε2
f(uε − qε),
κε =
∫
Ω
ωε,
xε =
1
κε
∫
Ω
xωε(x) dx,
ρε = ρκε ,
and respetively refer to these as the vortiity set, the vortiity, the total vortiity,
the enter of vortiity, and the vortiity radius.
We will prove
Theorem 2. As ε→ 0, we have
uε = Uκε
( · − xε
ε
)
+ κε
( 1
2π
log
1
ερε
+H(xε, ·)
)
+ o(1),
in W2,1loc(Ω), in W
1,2
0 (Ω), and in L
∞(Ω), where
κε = κ+
2π
log 1
ε
(
q(xε)− κH(xε, xε)− κ
2π
log
1
ρκ
)
+ o(|log ε|−1),
and
W(xε)→ sup
x∈Ω
W(x).
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One also has
B(xε, r¯ε) ⊂ Aε ⊂ B(xε, r˚ε),
with r¯ε = ερκ + o(ε) and r˚
ε = ερκ + o(ε). Finally,
Eε(uε) = κ
2
4π
log
1
ε
−W(xε) + C + o(1).
Sine W(x) → −∞ as x → ∂Ω, by Theorem 2, up to a subsequene, xε →
x∗ ∈ Ω. Combined with standard ellipti estimates this yields the onvergene
uε → κG(x∗, · ) in W1,p0 (Ω) for any p < 2 and in Ckloc(Ω \ {x∗}) for any k ∈ N. If
∂Ω is smooth enough, then one also has onvergene in Ckloc(Ω¯ \ {x∗}}).
The proof of Theorem 2 is twofold. First, in Corollary 2.4, we prove a sharp
upper bounds for the ritial level cε. Then, in Proposition 2.5 we show that any
solution satisfying this upper bound needs to satisfy the asymptoti expansion.
2.1. Upper bounds on the energy. We will derive upper bounds for cε by on-
struting elements of N ε similar to the asymptoti expression of Theorem 2.
Lemma 2.2. For every xˆ ∈ Ω, if ε > 0 is small enough, there exists
κˆε = κ+
2π
log 1
ε
(
q(xˆ)− κH(xˆ, xˆ) + κ
2π
log ρκ
)
+O
(|log ε|−2),
suh that, if
uˆε(x) = Uκˆε
(x− xˆ
ε
)
+ κˆε
( 1
2π
log
1
ερκˆε
+H(xˆ, x)
)
,
then
uˆε ∈ N ε.
Moreover, we have
Aˆε :=
{
x : uˆε(x) > q(x) +
κ
2π
log
1
ǫ
}
⊂ B(xˆ, rˆε),
with rˆε = O(ε).
Proof. For σ ∈ R, dene
κˆε,σ =
qε(xˆ) + σ
1
2pi log
1
ερκ
+H(xˆ, xˆ)
,
ρˆε,σ = ρκˆε,σ ,
uˆε,σ(x) = Uκˆε,σ
(x− xˆ
ε
)
+ κˆε,σ
( 1
2π
log
1
ερκˆε,σ
+H(xˆ, x)
)
.
First note that when ε > 0 is suiently small, uˆε,σ(x) = κˆσ,εG(xˆ, x) in a neigh-
borhood of ∂Ω, so that uˆε,σ ∈W 1,20 (Ω) and we an dene
gε(σ) = 〈dEε(uˆε,σ), uˆε,σ〉.
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Among the terms involved in gε(σ), we may already ompute∫
Ω
|∇uˆε,σ|2 =
∫
B(xˆ,ερκˆε,σ )
|∇(Uκˆε,σ ( ·−xˆε ) + κˆε,σH(xˆ, ·))|2
+ (κˆε,σ)2
∫
Ω\B(xˆ,ρκˆε,σ ε)
|∇G(xˆ, ·)|2
=
∫
B(0,ρκˆε,σ )
|∇Uκˆε,σ |2 +O(ε)
+ (κˆε,σ)2
( 1
2π
log
1
ερκˆε,σ
+H(xˆ, xˆ) +O(ε)
)
=
∫
B(0,ρκˆε,σ )
|∇Uκˆε,σ |2 + κˆε,σ
(
qε(xˆ) + σ
)
+O(ε).
In order to estimate the seond term involved in gε(σ), namely 1
ε2
∫
Ω f(uˆ
ε,σ −
qε)uˆε,σ, we rst laim that
(7) Aˆε,σ :=
{
x ∈ Ω : uˆε,σ(x) > qε(x)} ⊂ B(xˆ, rε),
with rε = O(ε). Indeed, let x ∈ Aˆε,σ \B(xˆ, ρˆε,σε). One has, by denition of uˆε,σ(x)
and of κˆε,σ,
κˆε,σ
( 1
2π
log
1
ε
+
1
2π
log
ε
|x− xˆ| +H(xˆ, x)
)
> q(x) +
κ
2π
log
1
ε
,
so that
(8)
1
2π
log
1
ε
+
1
2π
log
ε
|x− xˆ| +H(xˆ, x)
κ
2π
log
1
ε
+ q(x)
≥
log
1
ε
+H(xˆ, xˆ)
κ
2π
log
1
ε
+ q(xˆ) + σ
.
Sine q and H(xˆ, ·) are bounded funtions, one obtains that
1
κ
+
log ε|x−xˆ|
κ log
1
ε
≥ 1
κ
+O
(|log ε|−1),
and the laim is proved. We dedue from (7), that for every x ∈ Aˆε,σ
uˆε,σ(x)− qε(x) = Uκˆε,σ
(x− xˆ
ε
)
+ σ +O(ε).
We may now estimate
1
ε2
∫
Ω
f(uˆε,σ − qε)uˆε,σ = 1
ε2
∫
Aˆε,σ
f(uˆε,σ − qε)uˆε,σ
=
1
ε2
∫
Aˆε,σ
f(uˆε,σ − qε)Uκˆε,σ ( ·−xˆε )
+
κˆε,σ
ε2
∫
Aˆε,σ
f(uˆε,σ − qε)( 12pi log 1ερˆε,σ +H(xˆ, ·))
=
∫
R2
f(Uκˆε,σ + σ)Uκˆε,σ +O(ε)
+ κˆε,σ
(
1
2pi log
1
ερκ
+H(xˆ, xˆ) +O(ε)
)(∫
R2
f(Uκ + σ) +O(ε)
)
=
∫
R2
f(Uκˆε,σ + σ)Uκˆε,σ
+
(
κ
2pi log
1
ε
+ q(xˆ) + σ
) ∫
R2
f(Uκˆε,σ + σ) +O(ε|log ε|).
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Summarizing, we have
gε(σ) =
κ
2π
log
1
ε
(
κˆε,σ −
∫
R2
f(Uκˆε,σ + σ)
)
+O(1)
=
κ
2π
log
1
ε
(∫
R2
f(Uκ)− f(Uκ + σ)
)
+O(1).
Sine gε is ontinuous and σ ·
(∫
R2
f(Uκ)−f(Uκ+σ)
)
< 0 when σ 6= 0, there exists
σε suh that g(σε) = 0 and σε → 0 as ε→ 0. One then sets κˆε = κˆε,σε . 
Lemma 2.3. For every xˆ ∈ Ω, we have
cε ≤ κ
2
4π
log
1
ε
−W(xˆ) + C + o(1) as ε→ 0.
Proof. By Lemma 2.2, uˆε ∈ N ε, so that cε ≤ Eε(uˆε). We ompute the energy of uˆε
as follows. First,∫
Ω
|∇uˆε|2 =
∫
Ω
uˆε∆uˆε
= −
∫
R2
Uκ∆Uκ + (κˆ
ε)2
( 1
2π
log
1
ε
+H(xˆ, xˆ)
)
+ o(1)
=
∫
R2
|∇(Uκ)+|2 + κ
2
2π
log
1
ε
+ 2κq(xˆ)− κ2H(xˆ, xˆ) + κ
2
2π
log ρκ + o(1).
Next,
1
ε2
∫
Ω
F (uˆε − qε) = 1
ε2
∫
Aˆε
F (uˆε − qε)
=
1
ε2
∫
Aˆε
F (uˆε − qε(xε)) + o(1)
=
∫
R2
F (Uρ) + o(1),
and the onlusion follows from the denitions of W and C. 
Corollary 2.4. We have
cε ≤ κ
2
4π
log
1
ε
− sup
x∈Ω
W(x) + C + o(1).
2.2. Asymptoti behavior of solutions. The main goal of this setion is to
prove
Proposition 2.5. Let (vε) be a family of solutions to (Pε) suh that vε 6= 0
(9) Eε(vε) ≤ κ
2
4π
log
1
ε
+O(1),
as ε→ 0. Dene the quantities Aε, ωε, κε, xε and ρε for vε as in (6) for uε. Then
vε = Uκε(
·−xε
ε
) + κε
( 1
2π
log
1
ερε
+H(xε, ·)
)
+ o(1),
in W2,1loc(Ω), in W
1,2
0 (Ω), and in L
∞(Ω), where
κε = κ+
2π
log 1
ε
(
q(xε)− κH(xε, xε)− κ
2π
log
1
ρκ
)
+ o(|log ε|−1),
In partiular, we have
Eε(vε) = κ
2
4π
log
1
ε
−W(xε) + C + o(1)
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and
B(xε, r¯ε) ⊂ Aε ⊂ B(xε, r˚ε),
with r¯ε = ερκ + o(ε) and r˚
ε = ερκ + o(ε).
In other words, vε satises the same asymptotis as the one stated in Theorem 2
for uε exept for the onvergene of xε.
In the sequel, vε denotes a family of nontrivial solutions to (Pε) verifying (9).
We divide the proof of Proposition 2.5 into several steps.
2.2.1. Step 1: First quantitative properties of the solutions. In this setion, we
derive various types of estimates for vε.
Proposition 2.6. We have, as ε→ 0,
L2(Aε) = O(|log ε|−1),(10) ∫
Aε
|∇(vε − qε)|2 = O(1),(11)
1
ε2
∫
Aε
F (vε − qε) = O(1),(12) ∫
Ω\Aε
|∇vε|2 ≤ κ
2
2π
log
1
ε
+ O(1),(13) ∫
Ω
ωε ≤ κ+O(|log ε|−1).(14)
Proof. First note that for ε > 0 suiently small,
(15)
(1
2
− 1
p+ 1
)∫
Ω
|∇vε|2 ≤ Eε(vε).
Indeed,
Eε(vε) = 1
2
∫
Ω
|∇vε|2 − 1
p+ 1
∫
Ω
1
ε2
f(vε − qε)(vε − qε)+,
and, by testing (Pε) against vε,
0 =
1
p+ 1
∫
Ω
|∇vε|2 − 1
p+ 1
∫
Ω
1
ε2
f(vε − qε)vε.
Sine (vε − qε)+ ≤ vε when qε ≥ 0, and hene when ε is suiently small, (15)
follows by subtration.
In order to obtain (10), rst note that sine q is bounded from below, for ε
suiently small, infΩ qε >
κ
4pi log
1
ε
. By the Chebyshev and Poinaré inequalities,
it follows that
L2(Aε) ≤
( 1
infΩ qε
)2 ∫
Ω
|vε|2 ≤ C|log ε|2
∫
Ω
|∇vε|2 ≤ C
′
|log ε| ,
where the last inequality is a onsequene (15) and (9).
We laim that
(16)
∫
Ω
ωε ≤ C.
By testing (Pε) against min(vε, qε) we obtain∫
Ω
ωε =
∫
Aε
1
ε2
f(vε − qε) ≤ 1
infΩ qε
∫
Aε
qε
ε2
f(vε − qε)
=
1
infΩ qε
∫
Ω\Aε
|∇vε|2 + 1
infΩ qε
∫
Aε
∇vε∇q.
(17)
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In view of (15), this yields
κε ≤ C E
ε(vε) + o(1)
log 1
ε
,
and the estimate (16) follows from assumption (9).
Testing now (Pε) against (vε − qε)+, we obtain
(18)
∫
Aε
|∇(vε − qε)|2 =
∫
Aε
1
ε2
(vε − qε)p+1+ −
∫
Aε
∇(vε − qε)∇q.
The GagliardoNirenberg inequality [35, p. 125℄ yields
(19)
∫
Aε
1
ε2
(vε − qε)p+1+ ≤ C
∫
Aε
1
ε2
(vε − qε)p+
(∫
Aε
|∇(vε − qε)|2
) 1
2
,
so that ∫
Aε
|∇(vε − qε)|2 ≤ C(‖ωε‖L1 + ‖∇qε‖L2(Aε))(
∫
Aε
|∇(vε − qε)|2
) 1
2
≤ C′
(∫
Aε
|∇(vε − qε)|2
) 1
2
.
Inequality (11) an therefore be dedued from (16), and (12) follows from (18).
Finally,
1
2
∫
Ω\Aε
|∇vε|2 = Eε(vε) + 1
ε2
∫
Aε
F (vε − qε)− 1
2
∫
Aε
|∇vε|2
≤ κ
2
4π
log
1
ε
+O(1),
so that (13) holds, and inequality (14) then follows from (17). 
Remark 1. The use of the GagliardoNirenberg inequality to obtain (19) is the only
step in our proof that requires f to be a power-like nonlinearity.
2.2.2. Step 2: Struture of the vortiity set. We now examine the vortiity set Aε
further. Sine Aε is open, it ontains at most ountably many onneted ompo-
nents that we label Aεi , i ∈ Iε. If q were a harmoni funtion (e.g. if the only goal
was to prove Theorem 1), one would dedue from the fat that uε is a minimal
energy solution that Aε is onneted whenever qε ≥ 0 [9, Theorem 3F℄, [36, Theo-
rem 3.4℄, [2, Theorem 4℄, [46, Theorem 1℄, [28, Proposition 3.1℄; this would simplify
onsiderably the analysis that we perform below.
First we have a ontrol on the total area and on the diameter of eah onneted
omponent.
Lemma 2.7. If ε > 0 is suiently small, we have
(20) L2(Aε) ≤ Cε2
and, for every i ∈ Iε,
(21) diam(Aεi ) ≤ Cε.
Proof. Set
wε =
vε
min∂Aε qε
.
Sine vε = qε on ∂Aε, we have, by (13),
(22)
2π
cap(Aε,Ω)
≥ 2π∫
Ω\Aε
|∇wε|2
≥ 2π
κ2
4pi
(
log 1
ε
)2
+O(|log ε|)∫
Ω\Aε
|∇vε|2
= log
1
ε
+O(1).
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By Proposition A.1, it follows that
log
L2(Ω)
L2(Aε) ≥ 2 log
1
ε
+O(1),
from whih (20) follows.
Similarly, we have
2π
cap(Aεi ,Ω)
≥ 2π
cap(Aε,Ω)
≥ log 1
ε
+O(1).
It hene follows from Proposition A.3 and the boundedness of Ω that
logC
(
1 +
1
diam(Aεi )
)
≥ log 1
ε
+O(1),
whih implies (21). 
Lemma 2.8. There exist positive onstants γ and c suh that when ε is small
enough, for every i ∈ Iε, if
(23)
∫
Aε
i
|∇(vε − qε)|2 > γ2,
then
L2(Aεi ) ≥ cε2,(24)
diam(Aεi ) ≥ cε,(25)
dist(Aεi , ∂Ω) ≥ c,(26) ∫
Aε
i
ωε ≥ c,(27)
while if (23) does not hold, then for every s ≥ 1,
(28)
∫
Aε
i
f(vε − qε)s ≤ C‖∇q‖spLr(Aε
i
)L2(Aεi )1+
sp
2
(1− 2
r
),
where C > 0 only depends on s ≥ 1.
Proof. Starting from (18), and applying the Sobolev and CauhyShwarz inequal-
ities we obtain
(29)
∫
Aε
i
|∇(vε − qε)+|2 =
∫
Aε
i
f(vε − qε)
ε2
(vε − qε)+ −
∫
Aε
i
∇q · ∇(vε − qε)
≤ CL
2(Aεi )
ε2
(∫
Aε
i
|∇(vε − qε)+|2
) p+1
2
+ ‖∇q‖L2(Aε
i
)‖∇(vε − qε)+‖L2(Aε
i
).
By Lemma 2.7, we may hoose γ suiently small so that
γp−1 ≤ ε
2
2CL2(Aεi )
,
independently of ε, and therefore if (23) does not hold we obtain
(30)
1
2
∫
Aε
i
|∇(vε − qε)+|2 ≤
∫
Aε
i
|∇q|2.
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Applying suessively Sobolev inequality, (30) and Lemma 2.7, we onlude∫
Aε
i
f(vε − qε)s ≤ C
(∫
Aε
i
|∇(vε − qε)+|2
) sp
2 L2(Aεi )
≤ C′
(∫
Aε
i
|∇q|2
) sp
2 L2(Aεi )
≤ C′′‖∇q‖spLr(Aε
i
)L2(Aεi )1+
sp
2
(1− 2
r
).
Assume now that (23) holds. Combined with (29) and (11), this yields
γ2 ≤ CL
2(Aεi )
ε2
+ C‖∇q‖L2(Aε
i
).
Sine ‖∇q‖L2(Aε
i
) → 0 as ε → 0, one must have L2(Aε) ≥ cε2. The isodiametri
inequality then yields (25).
Turning bak to (22), and using Proposition A.3, we obtain
logC
(
1 +
dist(Aεi , ∂Ω)
ε
)
≥ log 1
ε
+O(1),
from whih (26) follows.
Testing (Pε) against (vε−qε)+χAiε , applying the GagliardoNirenberg inequality
and using then (11), we have∫
Aε
i
|∇(vε − qε)|2 ≤ C(
∫
Aε
i
ωε + ‖∇qε‖L2(Aε
i
))
(∫
Aε
i
|∇(vε − qε)|2
) 1
2 ≤ C′
∫
Aε
i
ωε,
(f. the proof of Proposition 2.6) and the inequality (27) follows. 
In view of Lemma 2.8, we an split the vorties in two lasses: the vanishing
vorties
V ε =
⋃{
Aεi :
∫
Aε
i
|∇(vε − qε)|2 ≤ γ2
}
,(31)
and the essential vorties
Eε =
⋃{
Aεi :
∫
Aε
i
|∇(vε − qε)|2 > γ2
}
.(32)
In view of (11), Eε ontains nitely many onneted omponents. We an thus
split Eε =
⋃kε
j=1 E
ε
j , where E
ε
j are nonempty open sets whih are not neessarily
onneted suh that, up to a subsequene,
(33)
dist(Eεi , E
ε
j )
ε
→∞
as ε→ 0, and
(34) ρ˜ = lim sup
ε→0
diam(Eεi )
ε
<∞.
By denition of Eε and by (11), kε is bounded as ε→ 0. Finally,
(35) lim inf
ε→0
dist(Eεi , ∂Ω) > 0.
We set
ωεv = ω
εχV ε , ω
ε
i = ω
εχEε
i
, κεi =
∫
Ω
ωεi .
By (14), we have
(36)
kε∑
i=1
κεi ≤ κ+O
(|log ε|−1).
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Lemma 2.9. For every s ≥ 1, we have
‖ωεv‖Ls = o
(
εp(1−
2
r
)−2(1− 1
s
)
)
.
In partiular, if
1
s
≥ 1− p(12 − 1r ), then ωεv → 0 in Ls(Ω).
Proof. Set
Iεv =
{
i ∈ Iε :
∫
Aε
i
|∇(vε − qε)|2 ≤ γ2
}
We have, by Lemma 2.8 and by (20),∫
Ω
|ωεv|s =
∑
i∈Iεv
∫
Aε
i
|ωεv|s
≤ C 1
ε2s
∑
i∈Iεv
‖∇q‖spLr(Aε
i
)L2(Aεi )1+
sp
2
(1− 2
r
)
≤ CL2(V ε)max
i∈Iεv
‖∇q‖spLr(Aε
i
)
L2(Aεi )1+sp(
1
2
− 1
r
)
ε2s
≤ C′‖∇q‖spLr(V ε)εsp(1−
2
r
)−2(s−1). 
Lemma 2.10. For ε > 0 suiently small, kε ≥ 1.
Proof. Assume by ontradition that there is a sequene (εn) suh that εn → 0 and
kεn = 0. Take s > 1 suh that
1
s
≥ 1 − p(12 − 1r ). Sine ωεn = ωvεn → 0 in Ls(Ω)
for some s > 1 by Lemma 2.9; by lassial estimates, [24, Theorem 8.15℄ vεn → 0
in L∞(Ω). Therefore, when n is large enough, one would have ωεn = 0 and thus
vεn = 0. 
2.2.3. Step 3: Small sale asymptotis. We dene
xεi =
1
κεi
∫
Ω
ωεi (x)x dx.
By (33) and (35), xεi ∈ Ω and xεi 6= xεj when i 6= j and ε is small. We also dene
vεi (y) = v
ε(xεi + εy)− qε(xεi ),
and
qεi (y) = q(x
ε
i + εy)− q(xεi ).
By (35), for every R > 0, vεi is well-dened in B(0, R) when ε is suiently small,
and it satises there the equation
(37) −∆vεi = f(vεi − qεi ).
Lemma 2.11. For every R > 0 and s ≥ 1, there exist ε(R) > 0 and C > 0 suh
that for 0 < ε ≤ ε(R) we have
(38) ‖f(vεi − qεi )‖Ls(B(0,R)) ≤ C.
Moreover, for 2ρ˜ < |y| < R, we have
(39)∣∣∣vεi (y)− κεi2π log 1ε|y|+qε(xεi )−κεiH(xεi , xεi )−
∑
j 6=i
κεjG(x
ε
i , x
ε
j)
∣∣∣ ≤ κ
2π
log
|y|
|y| − ρ˜+o(1),
and
(40)
∣∣∣∇vεi (y)− κ2π y|y|2
∣∣∣ ≤ C¯|y|3 + o(1).
as ε→ 0, where C¯ does not depend on R.
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Proof. Consider Dε,Ri =
⋃{
Aεj : A
ε
j ∩B(xεi , εR) 6= ∅
}
. By (21), L2(Dε,Ri ) = O(ε2)
as ε→ 0, so that one obtains, by Sobolev's inequality,∫
B(0,R)
f(vεi − qεi )s ≤
1
ε2
∫
D
ε,R
i
f(vε − qε)s
≤ C 1
ε2
‖∇(vε − qε)+‖spL2(Aε)L2(Dε,Ri ) = O(1),
whih proves (38).
We have
(41) vεi (y) =
∫
Ω
G(xεi + εy, z)ω
ε(z) dz − qε(xεi ).
We rst prove (39). By a lassial estimate [24, Theorem 8.15℄,
(42)
∣∣∣∫
Ω
G(x, z)ωεv(z) dz
∣∣∣ ≤ C‖ωεv‖Ls .
Sine by Lemma 2.9, ωεv → 0 in Ls(Ω) for some s > 1, we have∫
Ω
G(xεi + εy, z)ω
ε
v(z) dz → 0
uniformly in y. We also have, sine diamEεj = O(ε), |xεi − xεj |/ε → ∞, for j 6= i,
and |y| ≤ R, ∫
Ω
G(xεi + εy, z)ω
ε
j(z) dz = κ
ε
jG(x
ε
i , x
ε
j) + o(1),
and ∫
Ω
H(xεi + εy, z)ω
ε
i (z) dz = κ
ε
iH(x
ε
i , x
ε
i ) +O(ε).
Finally, we have∫
Ω
1
2π
log
1
|xεi + εy − z|
ωεi (z) dz =
∫
Eε
i
1
2π
log
1
|xεi + εy − z|
ωεi (z) dz
=
κεi
2π
log
1
ε|y| +
1
2π
∫
Eε
i
log
ε|y|
|xεi + εy − z|
ωεi (z) dz.
In view of (34), |xεi − z| ≤ (1 + o(1))ρ˜ε when z ∈ supp(ωεi ) so that for suiently
small ε ∣∣∣∣∣
∫
Eε
i
log
|εy|
|εy + xεi − z|
ωεi (z) dz
∣∣∣∣∣ ≤ κεi log |y||y| − ρ˜ + o(1).
We now prove (40). By Lemma 2.9, εωεv → 0 in Ls(Ω) for 1s ≥ 12 − p(12 − 1r ).
Choosing s > 2, by (41) and lassial ellipti estimates, one obtains that∫
Ω
εG(x, z)ωεv(z) dz → 0
as a funtion of x in W2,sloc(Ω) and thus in C
1
loc(Ω). Therefore,∫
Ω
ε∇G(xεi + εy, z)ωεv(z) dz → 0
uniformly in y on ompat subsets. One also has∫
Ω
ε∇G(xεi + εy, z)ωεj(z) dz = εκεj∇G(xεi , xεj) + o(1)
and ∫
Ω
ε∇H(xεi + εy, z)ωεj(z) dz = εκεi∇H(xi, xj) +O(ε2).
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Finally, reall that
∫
Ω ω
ε
i = κ
ε
i and
∫
Ω(x
ε
i − z)ωεi (z) dz = 0, so that∫
Ω
ε
xεi + εy − z
|xεi + εy − z|2
ωεi (z) dz − κεi
y
|y|2 =
ε
∫
Eε
i
( xεi + εy − z
|xεi + εy − z|2
− εy|εy|2 − L(εy)(x
ε
i − z)
)
ωεi (z) dz,
where
L(a)h =
|a|2h− 2(a · h)a
|a|4 .
On the other hand, for 2|h| ≤ |a|,∣∣∣ a+ h|a+ h|2 − a|a|2 − L(a)h
∣∣∣ ≤ C |h|2|a|3 ,
so that, by (34),∣∣∣∫
Ω
ε
xεi + εy − z
|xεi + εy − z|2
ωεi (z) dz − κεi
y
|y|2
∣∣∣
≤
∫
Ω
ε
|xεi − z|2
|εy|3 ω
ε
i (z) dz ≤ Cε
(diamEεi )
2
|εy|3 ≤
C¯
|y|3 ,
and the lemma is proved. 
Lemma 2.12. When ε is small, we have kε = 1. Moreover,
κε1 = κ+
2π
log 1
ε
(
q(xε1)− κH(xε1, xε1)−
κ
2π
log
1
ρκ
)
+ o(|log ε|−1)
and vε1 → Uκ in W3,rloc(R2) as ε→ 0.
Proof. Set
wεi (y) = v
ε
i (y)−
κεi
2π
log
1
ε
+ qε(xεi )− κεiH(xεi , xεi )−
∑
j 6=i
κεjG(x
ε
i , x
ε
j),
so that in partiular
−∆wεi = f(vεi − qεi ).
By (38), (39) and lassial ellipti estimates [24, Theorem 9.11℄, the sequene (wεi )
is bounded in W2,sloc(R
2) for every s ≥ 1. By Rellih's ompatness theorem, it is
ompat in W1,tloc(R
2) for every 1 ≤ t < ∞, and therefore bounded on ompat
subsets. On the other hand, by onstrution, all the vεi + q
ε
i (x
ε
i )− qεi take positive
and negative value at a uniformly bounded distane from the origin, so that there
exists a bounded sequene xˇεi suh that v
ε
i (xˇ
ε
i ) = q
ε
i (xˇ
ε
i )− qεi (xεi ). Therefore, vεi (xˇεi )
and wεi (xˇ
ε
i ) remain bounded and we obtain that for eah i ∈ {1, . . . , kε}
qε(xεi )−
κεi
2π
log
1
ε
− κεiH(xεi , xεi )−
∑
j 6=i
κεjG(x
ε
i , x
ε
j) = O(1).
This implies that
(43)
κεi
2π
log
1
ε
+
∑
j 6=i
κεj log
1
|xεi − xεj |
=
κ
2π
log
1
ε
+O(1),
and, in view of (36), that
kε
κ
2π
log
1
ε
≥
∑
1≤i,j≤kε
κεi
2π
log
1
ε
+O(1) = kε
κ
2π
log
1
ε
+
∑
1≤i,j≤kε
j 6=i
κεj log
|xεi − xεj |
ε
+O(1).
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Therefore, ∑
1≤i,j≤kε
j 6=i
κεj log
|xεi − xεj |
ε
≤ O(1),
and sine |xεi −xεj |/ε→∞ as ε→ 0, we dedue by (27) that kε ≤ 1 for ε suiently
small. By Lemma 2.10, kε = 1. Going bak to (43), we get
κε1 = κ+O
(|log ε|−1).
Sine vε1 − qε1 is ompat in W1,rloc(R2) and f ∈ C1(R), the sequene f(vε1 − qε1) is
ompat in W1,rloc(R
2). In view of (37), vε1 is ompat in W
3,r
loc . Let v be one of its
aumulation points. It satises
−∆v = f(v)
and ∫
R2
f(v) = κ.
Moreover, letting ε go to zero, by (39) we obtain
v(y) =
κ
2π
log
ρ˜
|y| +O
(
log
(
1 +
1
|y|
))
for some ρ˜ ∈ R, and
∇v(y) = κ
2π
y
|y|2 +O
( 1
|y|3
)
.
By a symmetry result of L.A.Caarelli and A. Friedman [15, Theorem 1℄ (see also
[22, Theorem 4.2℄), v is radial, and therefore
v(y) =
κ
2π
log
ρκ
|y|
when |y| ≥ ρκ. Hene, v = Uκ. In view of (39), this yields∣∣∣ κ
2π
log
ρκ
|y| + q
ε(xε1)−
κε1
2π
log
1
ε|y| − κ
ε
1H(x
ε
1, x
ε
1)
∣∣∣ ≤ κ log |y||y| −R + o(1).
First xing y, this implies that
κ− κε1
2π
log
1
ε
= O(1),
and next we dedue that for every 2ρ˜ < |y| < R,∣∣∣ κ
2π
log
ρκ
ε
+ q(xε1)−
κε1
2π
log
1
ε
− κε1H(xε1, xε1)
∣∣∣ ≤ κ log |y||y| − ρ˜ + o(1),
as ε→ 0. We obtain the required asymptoti development of κε1 by letting R→ +∞
and hoosing suiently large |y|. 
2.2.4. Step 4: Global asymptotis. We are now going to prove that vε is well ap-
proximated by
v˜ε = Uκε
1
( · − xε1
ε
)
+ κε1
( 1
2π
log
1
ερκε
1
+H(xε1, ·)
)
.
Proposition 2.13. We have
vε = v˜ε + o(1)
in W2,1loc(Ω), in W
1,2
0 (Ω), and in L
∞(Ω).
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Proof. Choose r > ρ˜ so that Eε1 ⊂ B(xε1, εr) when ε is small. By Lemma 2.12, and
the invariane of the W˙2,1 semi-norm by saling, we have∫
B(xε
1
,2εr)
|D2vε −D2v˜ε| → 0
as ε→ 0. Dene
ω˜ε1(x) =
1
ε2
f(v˜ε − qε),
wεv(x) =
∫
Ω
G(x, y)ωεv(y) dy,
wεr(x) =
∫
Ω
H(x, y)
(
ωε1(y)− ω˜ε1(y)
)
dy,
wεs(x) =
∫
Ω
Γ(x− y)(ωε1(y)− ω˜ε1(y)) dy,
where Γ(x) = 12pi log
1
|x| , so that v
ε−v˜ε = wεv+wεr+wεs. Sine by Lemma 2.9, ωv → 0
in Ls(Ω) for some s > 1, we have, by ellipti estimates, wεv → 0 in W2,sloc(Ω). Next,
sine by (34) xε1 stays away from ∂Ω and ω
ε
1− ω˜ε1 → 0 in L1(Ω) by Lemma 2.12, we
have wεr → 0 in C∞loc(Ω). Finally, we have
D2wεs(x) =
∫
Ω
D2Γ(x− y)(ωε1(y)− ω˜ε1(y)) dy.
Sine
∫
Ω
ωε1 =
∫
Ω
ω˜ε1 = κ
ε
1, one also has
D2wεs(x) =
∫
B(xε
1
,εr)
(
D2Γ(x − y)−D2Γ(x− xε1)
)(
ωε1(y)− ω˜ε1(y)
)
dy.
For every y ∈ B(xε1, εr) and x ∈ Ω \B(xε1, ε2r)
|D2Γ(x− y)−D2Γ(x− xε1)| ≤ C
|y − xε1|
|x− xε1|3
,
so that
|D2wεs(x)| ≤
Cε
|xε1 − x|3
‖ωε1 − ω˜ε1‖L1 .
Integrating the previous inequality we onlude∫
Ω\B(xε
1
,ε2r)
|D2wεs(x)| ≤ Cε‖ωε1 − ω˜ε1‖L1
∫
R2\B(xε
1
,ε2r)
1
|xε1 − x|3
dx
= C‖ωε1 − ω˜ε1‖L1
2πε
εR
= o(1).
The W2,1loc(Ω) onvergene implies the W
1,2
loc(Ω) and the L
∞
loc(Ω) onvergenes.
One needs then to prove the onvergene in a neighbourhood of the boundary.
Consider U ⊂ V ⊂ Ω open bounded sets suh that ∂Ω ⊂ U¯ , U¯ ⊂ V and suppωε ∩
V = ∅. One has {
−∆(vε − v˜ε) = ωεv in U,
vε − v˜ε = 0 on ∂Ω.
Sine vε − v˜ε → 0 in W1,2(V \U) and in L∞(V \U) and ωεv → 0 in Ls(Ω) for some
s > 1, one obtains by lassial regularity estimates that vε − v˜ε → 0 in W1,2(U)
and in L∞(U). 
Corollary 2.14. When ε is small enough, Aε is onneted, xε1 = x
ε
, κε1 = κ
ε
,
∂(Aε1 − xε1)/ε tends to ∂B(0, ρκ) as a C2 manifold. In partiular, −∆vε = 0 in
Ω \B(xε1, 2ερκ) and
ωε = ω˜ε + o(1)
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in L1(Ω).
Proof. Assume that y ∈ Aε \B(xε1, ερκε). We have
(44) q(y) +
κ
2π
log
1
ε
< vε(y) ≤ κ
ε
1
2π
log
1
|y − xε1|
+ o(1),
uniformly in y, so that |y−xε1| = O(ε). One obtains then in view of Proposition 2.13
that (Aε1 − xε1)/ε is onneted when ε is small and the required onvergene of the
boundary. 
Corollary 2.15. We have
Eε(vε) = κ
2
4π
log
1
ε
−W(xε) + C + o(1).
Proof. First we have in view of Proposition 2.13 and Corollary 2.14,∫
Ω
|∇vε|2 =
∫
Ω
vεωε
=
∫
Ω
v˜εωε + o(1).
Sine ‖v˜ε − qε‖L∞ remains bounded as ε→ 0, we obtain, by Proposition 2.13∫
Ω
|∇vε|2 = 1
ε2
∫
Ω
v˜εf
(
v˜ε − qε(xε))+ o(1).
Similarly, by Proposition 2.13,
1
ε2
∫
Ω
F (vε − qε) = 1
ε2
∫
Ω
F
(
v˜ε − qε(xε))+ o(1).
It sues then to ompute Eε(v˜ε) as in the proof of Lemma 2.3. 
2.2.5. Conlusion. We are now in position to present the
Proof of Proposition 2.5 ompleted. It is a diret onsequene of Lemma 2.12, Propo-
sition 2.13, Corollary 2.14 and Corollary 2.15. 
and the
Proof of Theorem 2. It is a diret onsequene of the upper estimate of Corol-
lary 2.4 and the asymptoti properties obtained in Proposition 2.5. 
3. Single vorties in multiply onneted domains
In this setion we assume that Ω ⊂ R2 is a bounded smooth multiply-onneted
domain; it an be written as
Ω = Ω0 \
m⋃
h=1
Ωh,
where Ω0, . . . ,Ωm are bounded simply-onneted domains with Ω¯h ⊂ Ω for every
h ∈ {1, . . . ,m}. In plae of problem (Pε), we onsider the problem of nding u and
λε1, . . . , λ
ε
m suh that
(Pε∗)


−∆uε = 1
ε2
f(uε − qε) in Ω,
uε = 0 on ∂Ω0,
uε = λεh on ∂Ωh,∫
∂Ωh
∂u
∂n
= 0 for h ∈ {1, . . . ,m}.
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The natural spae to deal with this problem is the spae of funtions that are
onstant on the omplement of Ω:
H1∗ (Ω) =
{
u ∈ H1(Ω) : ∇u = 0 in
m⋃
h=1
Ωh
}
.
It is standard to show that solutions of (Pε∗) are ritial points of the funtional Eε
dened on H1∗ (Ω) by (5). We onsider least energy solutions obtained by minimiza-
tion of the funtional on the Nehari manifold.
In order to state our result we also need the orresponding (appropriate) Green
funtions. Following C.C. Lin [30, 31℄, we dene G∗ as the solution of

−∆G(·, y) = δy in Ω,
G(·, y) = 0 on ∂Ω0,
G = λh on ∂Ωh,∫
∂Ωh
∂G
∂n
= 0 for h ∈ {1, . . . ,m}.
Its regular part H∗ is dened by
H∗(x, y) = G∗(x, y)− 1
2π
log
1
|x− y| .
P.Koebe [26, 6℄ (see also [31, 9℄), dened G∗ in terms of the Green funtion for
the Dirihlet problem G and the unique solutions Zk of

−∆Zk = 0 in Ω,
Zk = 0 on ∂Ω0,
Zk = δkh on ∂Ωh with h ∈ {1, . . . ,m}.
Sine the Zk are linearly independent, the matrix (ωkh)1≤k,h≤n dened by
ωkh =
∫
Ω
∇Zk · ∇Zh.
is invertible; let (ωkh)1≤k,h≤n denote its inverse. We have
(45) G∗(x, y) = G(x, y) +
m∑
k,h=1
Zk(x)ω
khZh(y).
The KirhhoRouth funtion in this ontext is dened by
W∗(x) = κ
2
2
H∗(x, x) − κq(x),
and the various quantities Aε, ωε, κε, xε, ρε are still dened by (6).
Theorem 2 generalizes then to
Theorem 3. As ε→ 0, we have
uε = Uκε
( · − xε
ε
)
+ κε
( 1
2π
log
1
ερε
+H∗(x
ε, ·)
)
+ o(1),
in W2,1loc(Ω), in W
1,2
0 (Ω), and in L
∞(Ω), where
κε = κ+
2π
log 1
ε
(
q(xε)− κH(xε, xε)− κ
2π
log
1
ρκ
)
+ o(|log ε|−1),
and
W∗(xε)→ sup
x∈Ω
W∗(x).
One also has
B(xε, r¯ε) ⊂ Aε ⊂ B(xε, r˚ε),
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with r¯ε = ερκ + o(ε) and r˚
ε = ερκ + o(ε). Finally,
Eε(uε) = κ
2
4π
log
1
ε
−W∗(xε) + C + o(1).
Proof. The proof of Theorem 3 follows almost the same lines as one of Theorem 2,
so that we only mention the few adaptations. First, the funtions G and H should
be replaed by G∗ and H∗. In view of the regularity of Θh and of (45) this does not
bring any trouble in the upper estimate nor the small sale and global asymptotis.
Next, the proof of Theorem 2 relies on the Dirihlet boundary ondition to
estimate cap(Aε,Ω) in (22). Here, we dene instead
wε =
vε −max∂Ω vε
min∂Aε q
ε −max∂Ω vε .
For every h ∈ {1, . . . ,m}, let Θh ∈ H1∗(Ω) be the unique solution of

−∆Θh = 0 in Ω,
Θh = 0 on ∂Ω0,
Θh = µkh on ∂Ωh and h ∈ {1, . . . ,m},∫
∂Ωh
∂Θh
∂n
= δhk for k ∈ {1, . . . ,m},
where µkh are unknown onstants that are part of the problem
5
. By onstrution
of Θk, one has
vε|Ωh =
∫
∂Ωh
vε
∂Θh
∂n
=
∫
Ω
∇vε · ∇Θh =
∫
Ω
ωεΘh,
and hene, in view of (14),
‖vε‖L∞(∂Ω) ≤ max
h∈{1,...,m}
‖Θh‖L∞(Ω)
(
κ+O(|log ε|−1)),
Therefore,
2π
cap(Aε,Ω)
≥ 2π∫
Ω|∇wε|2
≥ log 1
ε
+O(1),
and one an ontinue as in the proof of Lemma 2.7. 
4. Single vorties in unbounded domains
In this setion, we assume that Ω ⊂ R2 is an unbounded simply-onneted
domain whose boundary is bounded in one diretion; to x the ideas,
]a0,+∞[×R ⊂ Ω ⊂]a1,+∞[×R.
Our goal is to arry out an analysis similar to that of the previous setion.
We assume that q ∈W1,1
lo
(Ω),
sup
x∈Ω
∫
B(x,1)
|∇q|r <∞
for some r > 2, and that
q(x) ≥W (x1 − a0) + d,
for some W > 0 and d > 0, where x = (x1, x2). Sine ∂Ω is bounded in the x1
diretion, this is equivalent with requiring that
q(x) ≥W dist(x, ∂Ω) + d′.
5
This solution an be found by minimizing the funtional u 7→ 1
2
R
Ω
|∇u|2+u|∂Ωk over H
1
∗
(Ω).
(A similar problem appears in [11, Chapter I, (3)℄)
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The natural spae for solutions is
D1,20 (Ω) = {u ∈W1,1loc(Ω) :
∫
Ω
|∇u|2 <∞}.
The Nehari manifold N ε and the inmum value cε are dened as in Proposi-
tion 2.1. The existene of a minimizer uε ∈ N ε as in Proposition 2.1 suh that
Eε(uε) = cε is no longer diret nor true beause of ompatness issues.
In a rst step, we derive upper bounds on cε. Next, we perform the a priori
asymptoti analysis of solutions of (Pε) satisfying similar upper bounds. Finally,
we prove existene results in appropriate ases of Ω and q.
4.1. Upper bound on the energy.
Proposition 4.1. We have
cε ≤ κ
2
4π
log
1
ε
− sup
x∈Ω
W(x) + C + o(1).
Proof. The proof goes as the proof of Corollary 2.4. The main dierene is that
q and H(xˆ, ·) are not bounded as in the proof of Lemma 2.2. However, sine
limx→∞
1
2pi log
1
|x−xˆ| +H(x, xˆ) = 0, one still has, for every x ∈ Ω,
H(xˆ, x) ≤ q(x)
κ
+ C,
whene, starting from (8), one obtains
1
2π
log
1
ε
+
1
2π
log
ε
|x− xˆ| + q(x) + C
κ
2π
log
1
ε
+ q(x)
κ
≥
log
1
ε
+H(xˆ, xˆ)
κ
2π
log
1
ε
+ q(xˆ) + σ
.
Sine q ≥ 0, it follows that
1
κ
+
1
2π
log
ε
|x− xˆ|
κ log
1
ε
≥ 1
κ
+O
(|log ε|−1),
and it sues to ontinue as in Lemmas 2.2 and 2.3. 
4.2. Funtional inequalities on the half-plane. In order to perform the asymp-
toti analysis of the solutions and to study their existene, we rst provide some
useful funtional type inequalities and onvergene results on the half-plane R
2
+
that will be used in the next setion.
Proposition 4.2. We have for u ∈ D1,20 (R2+),
L2({x ∈ R2+ : u(x) ≥Wx1}) ≤ C
∫
R2
+
|∇u|2,
and, for every p > 0,∫
R2
+
(
u(x)−Wx1
)p
+
dx ≤ C
W 2
(∫
R2
+
|∇u|2
)1+ p
2
.
A similar statement is proved by Yang Jianfu [46, Lemma 4℄ with a dierent proof
relying on an isometry between D1,20 (R2+) and the spae of ylindrially symmetri
elements of D1,20 (R4) [46, Lemma 1℄.
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Proof. Dene Au = {x ∈ R2+ : u(x) ≥ Wx1}. First we have, by the Chebyshev
and Hardy inequalities
L2(Au) ≤ 1
W 2
∫
R2
+
|u(x)|2
|x1|2 dx ≤
4
W 2
∫
R2
+
|∇u|2.
By Sobolev's inequality, it follows∫
R2
+
(u(x) −Wx1)p+ dx =
∫
Au
(u −Wx1)p dx
≤ C‖∇(u−Wx1)‖p2L2(Au)
≤ C
′
W 2
‖∇u‖22(‖∇u‖2 +WL2(Au)
1
2 )p
≤ C
′′
W 2
(∫
R2
+
|∇u|2
)1+ p
2
. 
As a onsequene
Lemma 4.3. We have for u ∈ D1,20 (R2+),
L2({x ∈ R2+ : u(x) ≥ q(x)}) ≤ C
∫
R2
+
|∇u|2,
and for every p > 0 ∫
R2
+
(u − q)p+ ≤ C
(∫
R2
+
|∇u|2
)1+ p
2
.
We also have a ompatness theorem
Lemma 4.4. For every p < ∞ and L > 0, the map Φ : D1,20 (R2+) → Lp(R+×] −
L,L[) : u 7→ (u−Wx1)+ is ompletely ontinuous.
Proof. By Rellih's Theorem, u 7→ Φ(u)χ]0,λ[×]−L,L[ is ompletely ontinuous for
every λ > 0. On the other hand,∫
]λ,+∞[×]−L,L[
(u(x)−Wx1)p+ dx ≤
C
λ
∫
]λ,+∞[×]−L,L[
(u(x)− W2 x1)p+1+ dx ≤
C
λ
‖∇u‖p+32 ,
therefore, on every bounded subset of D1,20 (R
2
+), Φ is a uniform limit of ompletely
ontinuous maps. The onlusion follows. 
Lemma 4.5. Let (un) ⊂ D1,20 (R2+). If (un) is bounded in D1,20 (R2+) and
sup
y∈R
∫
R+×]y−1,y+1[
(un −Wx1)p+ → 0,
then ∫
R
+
2
(un −Wx1)s+ → 0,
for every s > 0.
This kind of result was rst obtained by P.-L. Lions [32, Lemma I.1℄. The idea
of our proof omes from V.Coti Zelati and P.Rabinowitz [17℄.
Proof. By the GagliardoNirenberg inequality [35, p. 125℄,∫
R+×]y−1,y+1[
(un −Wx1)p+2+ ≤ C
∫
R+×]y−1,y+1[
(un −Wx1)p+
×
∫
R+×]y−1,y+1[
(|∇(un −Wx1)+|2 + |(un −Wx1)+|2).
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Integrating with respet to y ∈ R, one obtains∫
R2
+
(un −Wx1)p+2+ ≤ C
(
sup
y∈R
∫
R+×]y−1,y+1[
(un −Wx1)p+
)
×
∫
R2
+
(|∇(un −Wx1)+|2 + |(un −Wx1)+|2).
Sine by Lemma 4.2∫
R2
+
|∇(un −Wx1)+|2 + |(un −Wx1)+|2 ≤ C
(‖∇un‖22 + ‖∇un‖42),
(un −Wx1) → 0 in Lp+2(R2+). By Lemma 4.2, the general ase s 6= p + 2 follows
by interpolation. 
4.3. Asymptoti behavior of solutions. In this setion, we assume that (vε) is
a sequene of solutions to (Pε) satisfying (9). We shall prove
Proposition 4.6. Proposition 2.5 holds under the assumptions on Ω and q of this
setion.
4.3.1. Step 1: First quantitative properties of the solutions. We rst have the oun-
terpart of Proposition 2.6
Proposition 4.7. The estimates (10), (11), (12), (13) and (14) hold for some
onstant C independent of ε.
Proof. The proof of Proposition 2.6 provides the estimates (11), (12), (13) and (14)
without any modiation. The inequality (10) needs a little more work, sine its
proof in Proposition 2.6 relies on the Poinaré inequality. In the present setting,
we replae it by the Chebyshev inequality and Lemma 4.3
L2({x ∈ Ω : vε(x) ≥ q(x) + κ2pi log 1ε}) ≤
1
( κ2pi log
1
ε
)4
∫
Ω
(vε − q)4+
≤ C|log ε|4 |log ε|
3
= C|log ε|−1. 
4.3.2. Step 2: Struture of the vortiity set. As previously, we onsider the on-
neted omponents of (Aεi )i∈Iε of Aε.
Lemma 4.8. If ε > 0 is suiently small, we have for every i ∈ Iε,
(46) diam(Aεi ) ≤ Cε
dist(Aεi , ∂Ω)
e2W dist(Aε,∂Ω)
.
Moreover, if for every x ∈ Ω, one denes
Aεx =
⋃{
Aεi : B(x,
1
2 dist(x, ∂Ω) + 1) ∩ Aεi 6= ∅
}
,
then
L2(Aεx) ≤ Cε2e−µ dist(x,∂Ω).
Proof. Let
w =
vε
min∂Aε
i
qε
.
Proeeding as in (22), we obtain, using one more Proposition A.1
2π( κ2pi log
1
ε
+W dist(Aεi ,Ω) + d
′)2
κ2
2pi log
1
ε
≤ log
(
C
(
1+dist(Aεi , ∂Ω)
)(
1+
dist(Aε, ∂Ω)
diamAεi
))
.
Therefore,
1
ε
≤ C 1 + dist(A
ε, ∂Ω)
e2W (dist(Aε,∂Ω)−1)
(
1 +
dist(Aεi , ∂Ω)
diamAεi
)
,
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from whih (46) follows.
Consider now Aεx. By (46), A
ε
x ⊂ B(x, 23 dist(x, ∂Ω)+1) when ε is small enough,
so that
2π
capΩ(A
ε
x)
≥
(
κ
2pi log
1
ε
+ W3 dist(x, ∂Ω) + d
′
)2
κ2
4pi log
1
ε
.
By Proposition A.2, we obtain
L2(Aεx) ≤ C
(
dist(x, ∂Ω) + 1
)2
ε2e−
4W
3
dist(x,∂Ω) ≤ Cε2e−µ dist(x,∂Ω). 
Remark 2. A slightly more areful proof shows that one an take any µ < W/2,
provided C is large enough.
The next Lemma, ounterpart of Lemma 2.8, insures that essential vorties are
not too far from the boundary.
Lemma 4.9. There exists onstants γ, C, c > 0, suh that, when ε is small enough:
If (23) holds, we have (24), (25), (26), (27) and
dist(Aεi , ∂Ω) ≤ C,
while if (23) does not hold, then (28) holds.
Proof. The proof follows essentially the one of Lemma 2.8. The inequality (25)
follows immediately from (24) and (46). 
As in the ase of a bounded domain, the vortiity set an be split into a vanishing
vortiity set V ε and an essential one Eε, dened by (31) and (32). Sine the gradient
of q is only loally integrable, Lemma 2.9 only gives loal information.
Lemma 4.10. For every s ≥ 1, we have
sup
x∈Ω
‖ωεv‖Ls(B(x,1)) = o(εp(1−
2
r
)−2(1− 1
s
)).
In partiular, if
1
s
≥ 1− p(12 − 1r ), then ωεv → 0 in Lsloc(Ω).
4.3.3. Step 3: Small sale asymptotis. For the small sale asymptotis, one rst
note that Lemma 2.11 still holds. Indeed, the only step that relied on the bounded-
ness of Ω was (42). For every ρ > 0, regularity estimates still yields for x ∈ B(xεi , 12 )∣∣∣∫
B(xε
i
,ρ)
G(x, y)ωεv(y) dy
∣∣∣ ≤ C‖ωεv‖Ls(B(xεi ,2ρ)),
and the onlusion follows from Lemma 4.10. On the other hand, sine Ω is on-
tained in a half-plane, by omparing its Green funtion by the Green funtion of a
half-plane, we have
G(x, y) ≤ 1
2π
log
(
1 +
C
(
1 + dist(x, ∂Ω)
)
|x− y|
)
.
Sine dist(xεi , ∂Ω) is bounded, we have, for every x ∈ B(xεi , 1),∫
Ω\B(xε
i
,ρ)
G(x, y)ωεv(y) dy ≤
κε
2π
log
(
1 +
C
ρ
)
→ 0,
as ρ→∞, uniformly in ε > 0.
Lemma 2.11 being established, the proof of Lemma 2.12 also adapts straightfor-
wardly.
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4.3.4. Step 4: Global asymptotis. For Proposition 2.13, one obtains a little more
than the W2,1loc(Ω) onvergene. Setting Ωδ = {x ∈ Ω : dist(x, ∂Ω) > δ}, one has
Proposition 4.11. We have
vε = v˜ε + o(1)
in W2,1loc(Ωδ) for every δ > 0, in W
1,2
0 (Ω), and in L
∞(Ω).
Proof. One denes ω˜ε1 and w
ε
v, and w
ε
s as in the proof of Proposition 2.13. One
denes
wεr(x) =
∫
Ω
(
H(x, y)− 1
4π
log(|x− y|2 + 4x1y1)
)(
ωε1(y)− ω˜ε1(y)
)
dy,
wεh(x) =
∫
Ω
1
4π
log(|x − y|2 + 4x1y1)
(
ωε1(y)− ω˜ε1(y)
)
dy.
Realling that 0 < c ≤ dist(xε1, ∂Ω) ≤ C, one treats the terms wεv, wεs and wεv as
in the proof of Proposition 2.13; the term wεs is treated similarly to the term w
ε
s.
The proof of the onvergenes up to the boundary follows then as in the proof of
Proposition 2.13. 
For Corollary 2.14, we have, instead of (44),
q(y) +
κ
2π
log
1
ε
< vε(yε) ≤ κ
ε
1
2π
log
(
1 +
C dist(xε1, ∂Ω)
|y − xε1|
)
+O(1).
The remaining part of the proof arries over identially sine dist(xε1, ∂Ω) remains
bounded as ε→ 0. Corollary 2.15 also follows without any modiation.
4.4. Existene of solutions. In this setion we present suient onditions for
the existene of a minimizer for cε.
Assume that Ω ⊂]a0,+∞[×R is a Lipshitz domain, and that
(47) lim
t→+∞
inf{x1 ∈ R : ∃x2 ∈ R, (x1, x2) ∈ Ω and |x2| ≥ t} = 0.
Assume also that there exist Wˆ , dˆ > 0 suh that and
lim
t→+∞
inf
|x2|>t
q(x)− Wˆx1 − dˆ
1 + |x1| ≥ 0.
We dene
Eˆε(u) = 1
2
∫
R2
+
|∇u|2 − 1
ε2
∫
R2
+
F (u− Wˆx1 − dˆ)
and the minimax level
cˆε = inf
u∈D1,2
0
(R2
+
)
max
t>0
Eˆε(tu).
We rst reall and investigate about the ase where q is ane and Ω is the
half-plane. In this ase, by denition, cε = cˆε.
Theorem 4 (Yang [46℄). If Ω = R2+ and q(x) = Wx1 + d, then problem (Pε)
admits a solution u ∈ D1,20 (Ω).
The proof in [46℄ allows to state that
Proposition 4.12. The ritial level cε = cˆε depends ontinuously on W and d.
Sketh of the proof. We an assume without loss of generality that ε = 1 and skip
any referene to it. Given onverging sequenes Wn →W and dn → d, we set
En(u) = 1
2
∫
R2
+
|∇u|2 −
∫
R2
+
F (u−Wnx1 − dn)
DESINGULARIZATION OF VORTICES FOR THE EULER EQUATION 27
By Theorem 4, E and En possess (some) ground-states u and un, for whih we set
cn = E(un). There exist τn → 1 suh that 〈dEn(τnu), τnu〉 = 0. Therefore,
cn ≤ En(τnu)→ E(u) = c.
This implies that c is upper semi-ontinuous. In partiular, sine(1
2
− 1
p+ 1
)
‖∇un‖2 ≤ En(un)
the sequene (un) is bounded in D
1,2
0 (R
2
+). Choosing Wˇ = infWn > 0, we obtain
by Proposition 4.2(∫
R2
+
(un − 12Wˇx1)p+1+
) 2
p+3 ≤
∫
R2
+
|∇un|2 ≤
∫
R2
+
unf(un −Wnx1 − dn)
≤
∫
R2
+
unf(un − Wˇx1) ≤ C
∫
R2
+
(un − 12Wˇx1)p+1+ ,
so that (un − 12Wˇx1)+ 6→ 0 in Lp+1(R2+). By Lemma 4.5, up to translation in the
x2 diretion, we have (un− 12Wˇx1)+ 6→ 0 in Lp+1(R+×]−1, 1[). Hene, there exists
0 6= v ∈ D1,20 (R2+) suh that un ⇀ v in D1,20 (R2+) and un → v almost everywhere
and in Lrloc(R
2
+) for r ≥ 1. In partiular, dE(v) = 0 and by Fatou's Lemma, we
have
c ≤ E(v) =
∫
R2
+
(Wx1 + d)
p(v −Wx1 − d) + (12 − 1p+1 )(v −Wx1 − d)p+1+
≤ lim inf
n→∞
∫
R2
+
(Wnx1 + d)
p(un −Wx1 − d) + (12 − 1p+1 )(un −Wx1 − d)p+1+
= lim inf
n→∞
En(un) = lim inf
n→∞
cn. 
Proposition 4.13. If
cε < cˆε
then there exists uε ∈ D1,20 (Ω) suh that dEε(uε) = 0 and Eε(uε) = cε.
Proof. We use the same strategy as P.Rabinowitz [38℄ for the nonlinear Shrödinger
equation on R
N
.
The minimization problem an be reformulated as a mountain-pass problem (see,
e.g. [44, Chapter 4℄). By Ekeland's variational priniple, there exists a sequene
(un) ⊂ D1,20 (Ω) suh that dEε(un) → 0 and Eε(un) → cε, see [34, Theorem 4.3℄ or
[44, Theorem 1.15℄. We have(1
2
− 1
p+ 1
)
‖∇u‖2L2 ≤ Eε(un)− 〈Eε(un), un〉 → cε,
so that (un) is bounded in D
1,2
0 (Ω). There exists u ∈ D1,20 (Ω) suh that, up to
a subsequene, un ⇀ u D
1,2
0 (Ω). By Rellih's Theorem, for every ϕ ∈ D1,20 (Ω),
〈dEε(un), ϕ〉 → 〈dEε(u), ϕ〉, so that dEε(u) = 0. If u 6= 0, then u ∈ N ε and by
Fatou's Lemma
Eε(u) = 1
ε2
∫
Ω
f(u− qε)u
2
− F (u− qε)
=
1
2ε2
∫
Ω
qε(u− qε)p+ + (1− 2p+1 )(u− qε)p+1+
≤ lim inf
n→∞
1
2ε2
∫
Ω
qε(un − qε)p+ + (1 − 2p+1 )(un − qε)p+1+
= lim inf
n→∞
Eε(un)− 12 〈dEε(un), un〉 = cε,
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so that u ts the laim.
Otherwise, for any δ < min(Wˆ , dˆ), let R > 0 be suh that
−δ ≤ inf{s ∈ R : ∃r ∈ R, (s, r) ∈ Ω and |s| ≥ R},
and,
(48) q(x) ≥ qˆδ(x) := (Wˆ − δ)x1 + dˆ− δ if |x2| ≥ R.
We have, for ΩR = {x ∈ Ω : |x2| ≥ R}, and in view of Lemma 4.4,
cε = lim
n→∞
Eε(un)− 〈dEε(un), un〉
≤ lim inf
n→∞
1
ε2
∫
Ω
un(un − q)p+ = lim inf
n→∞
1
ε2
∫
Ω\ΩR
un(un − q)p+
≤ C lim inf
n→∞
1
ε2
∫
ΩR
(
un − q
1 + δ
)p+1
+
≤ C lim inf
n→∞
1
ε2
∫
ΩR
(un − qˆδ)p+1+ .
(49)
Let ψ ∈ C∞(R) suh that suppψ ⊂ [−2δ,−δ], ψ(t) = 0 for t ≤ −2δ and ψ(t) = 1
for t ≥ −δ. We set ϕ(x1, x2) = ψ(x1). Note that supp∇ϕ ∩ Ω¯ is ompat, so that
by Rellih's Theorem, ∫
Ω
|∇ϕ|2|un|2 → 0,
and therefore, dening vn = ϕun,∫
Ω
|∇vn|2 =
∫
Ω
|∇un|2 + o(1).
For every τ > 0
max
θ>0
E(θun) ≥ E(τun) = Eˆδ(τvn) + τ
2
2
∫
Ω
|∇un|2 − |∇vn|2
+
1
ε2
∫
Ω
F (τvn − qˆδ)− F (τun − q).
Choose now τn suh that Eˆδ(τnvn) = supτ>0 Eˆδ(τvn). If τn ≥ 1, we have,
τ2n
∫
Ω
|∇vn|2 = 1
ε2
∫
Ω
τnvnf(τnvn − qˆδ) ≥ τp+1n
1
ε2
∫
Ω
(vn − qˆδ)p+1+
≥ τp+1n
1
ε2
∫
ΩR
(vn − qˆδ)p+1+ = τp+1n
1
ε2
∫
ΩR
(un − qˆδ)p+1+ ,
so that by (49) we obtain
τn ≤ max
(
1,
( ∫
Ω|∇vn|2∫
ΩR
(un − qˆδ)p+1+
) 1
p−1
)
,
and the quantity on the right-hand side is bounded in view of (49). This implies
that τnvn ⇀ 0 and τnun ⇀ 0 in D
1,2(Ω), and by Lemma 4.4, that∫
Ω\ΩR
F (τnvn − qˆδ)− F (τnun − q)→ 0, as n→ +∞.
On the other hand, by (48), qˆδ ≤ q in Ω \ ΩR, and∫
ΩR
F (τnvn − qˆδ)− F (τnun − q) =
∫
ΩR
F (τnun − qˆδ)− F (τnun − q) ≥ 0.
Hene,
lim inf
n→∞
E(un) ≥ lim inf
n→∞
Eˆδ(τnvn) ≥ cˆδ := inf
v∈D1,2
0
(]−2δ,+∞[×R)
Eˆδ(v),
and the onlusion follows from Proposition 4.12, sending δ to zero. 
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From Proposition 4.13, we derive
Theorem 5. If
sup
x∈Ω
κ2
2
H(x, x) − κq(x) > κ
2
4π
(
log
κ
2πWˆ
− 1
)
− κdˆ,
then, if ε is suiently small, there exists uε ∈ D1,20 (Ω) suh that dEε(uε) = 0 and
Eε(uε) = cε.
Proof. By Proposition 4.1, we have
cε ≤ κ
2
4π
log
1
ε
− sup
x∈Ω
(κ2
2
H(x, x) − κq(x)
)
+ C + o(1).
On the other hand, in view of Theorem 4, Eˆε possesses a ground-state whose energy
is bounded by
κ2
4pi log
1
ε
+ O(1). It follows from Proposition 4.6 applied to these
ground-states that
cˆε =
κ2
4π
log
1
ε
− sup
x∈R2
+
(κ2
4π
log 2x1 − κ(Wˆx1 + dˆ)
)
+ C + o(1)
=
κ2
4π
log
1
ε
−
(κ2
4π
(
log
κ
2πWˆ
− 1
)
− κdˆ
)
+ C + o(1).
Therefore, when ε is small enough, cε < cˆε, and the onlusion follows from Propo-
sition 4.13. 
5. Pair of vorties in bounded domains
In this setion, Ω ⊂ R2, f : R → R and q : Ω → R are as in Setion 2. For
ε = (ε+, ε−) > 0, κ+ > 0 and κ− < 0 given, and onsider solutions of the boundary
value problems
(Qε)

−∆u
ε =
1
ε+2
f(uε − qε+)−
1
ε−2
f(qε− − uε) in Ω,
uε = 0 on ∂Ω,
where qε± = q +
κ±
2pi log
1
ε±
.
We onsider are the least energy nodal solutions of (Qε) obtained by minimizing
the energy funtional
Eε(u) =
∫
Ω
( |∇u|2
2
− 1
ε+2
F (u− qε+)−
1
ε−2
F (qε− − u)
)
over the natural onstraint given by the nodal Nehari set
Mε = {u ∈ H10 (Ω) : u+ 6= 0, u− 6= 0, 〈dEε(u), u+〉 = 〈dEε(u), u−〉 = 0} .
It is a standard [68,16℄ to prove the
Proposition 5.1. Assume that qε+ is positive on Ω and q
ε
− is negative on Ω, so
that Mε 6= ∅, and dene
dε = inf
u∈Mε
Eε(u).
There exists uε ∈ Mε suh that Eε(uε) = dε, and uε is a nonnegative solution of
(Qε).
Our fous is the asymptotis of uε for a sequene ε → (0, 0). We assume that
0 < c < log ε+log ε− < C < ∞, and we will write |log |ε|| instead of log ε+ or log ε− in
asymptoti expansions.
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We extend the denition of Uκ given by (Uκ) for κ < 0 by Uκ = −U−κ and
ρκ = ρ−κ. One still has, when |x| is large enough, Uκ(x) = κ2pi log ρκ|x| . We also set
C± = κ
2
±
4π
log ρκ± +
∫
B(0,ρκ± )
( |∇Uρκ± |2
2
−
Up+1ρκ±
p+ 1
)
.
The KirhhoRouth funtion W is dened for (x+, x−) ∈ Ω2∗ = {(y+, y−) ∈ Ω :
y+ 6= y−} by
W(x+, x−) = κ
2
+
2
H(x+, x+) +
κ2−
2
H(x−, x−) + κ+κ−G(x+, x−)
− κ+
2π
q(x+)− κ−
2π
q(x−).
We set
(50)
Aε± =
{
x ∈ Ω : ±uε(x) > ±qε(x) + κ±
2π
log
1
ε±
}
,
ωε± = ±
1
ε±2
f(±(uε − qε)),
κε± =
∫
Ω
ωε±,
xε =
1
κε
∫
Ω
xωε±(x) dx,
ρε± = ρκε± .
We will prove
Theorem 6. As ε→ 0, we have
uε =Uκε
+
( · − xε
ε+
)
+ κε+
( 1
2π
log
1
ε+ρε+
+H(xε+, ·)
)
+ Uκε−
( · − xε
ε−
)
+ κε−
( 1
2π
log
1
ε−ρε−
+H(xε−, ·)
)
+ o(1),
in W2,1loc(Ω), in W
1,2
0 (Ω), and in L
∞(Ω), where
κε = κ±+
2π
log 1
ε±
(
q(xε)−κ±H(xε, xε)−κ∓G(x±, x∓)− κ
2π
log
1
ρκ±
)
+o(|log |ε||−1),
and
W(xε+, xε−)→ sup
(x+,x−)∈Ω2∗
W(x+, x−).
One also has
B(xε±, r¯
ε
±) ⊂ Aε± ⊂ B(xε±, r˚ε±),
with r¯ε± = ε±ρκ± + o(ε±) and r˚
ε
± = ε±ρκ± + o(ε±). Finally,
Eε(uε) = κ
2
+
4π
log
1
ε+
+
κ2−
4π
log
1
ε−
−W(xε+, xε−) + C+ + C− + o(1).
5.1. Upper bounds on the energy. We ompute upper bounds on dε by on-
struting suitable elements in Mε.
Lemma 5.2. For every xˆ+, xˆ− ∈ Ω suh that xˆ+ 6= xˆ−, there exists
κˆ±
ε
= κ±+
2π
log
1
ε±
(
q(xˆ±)−κ±H(xˆ±, xˆ±)−κ∓G(xˆ±, xˆ∓)+κ±
2π
log ρκ±
)
+O
(|log |ε||−2),
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suh that, if
uˆε(x) =Uκˆε
+
(x− xˆ+
ε+
)
+ κˆε+
( 1
2π
log
1
ε+ρˆε+
+H(xˆ+, x)
)
+ Uκˆε−
(x− xˆ−
ε−
)
+ κˆε−
( 1
2π
log
1
ε−ρˆε−
+H(xˆ−, x)
)
,
then
uˆε ∈Mε.
Moreover,
Aˆε± :=
{
x : ±uˆε(x) > ±qε±(x)
} ⊂ B(xˆ±, rˆε±),
with rˆε± = ε±ρκ± + o(ε).
Proof. For every σ = (σ+, σ−) ∈ R2, we dene
κˆ±
ε,σ =
qε±(x±)− κ∓G(x±, x∓) + σ±
1
2pi log
1
ε±ρκ±
+H(x±, x±)
,
uˆε,σ =Uκˆε
+
(x− xˆ+
ε+
)
+ κˆε+
( 1
2π
log
1
ε+ρˆε+
+H(xˆ+, x)
)
+ Uκˆε−
(x− xˆ−
ε−
)
+ κˆε−
( 1
2π
log
1
ε−ρˆε−
+H(xˆ−, x)
)
,
and we set
gε±(σ) = 〈dEε(uˆε,σ), uˆε,σ±〉.
We ompute as in the proof of Lemma 2.2,
(51)
∫
Ω
|∇uε,σ± |2 =
∫
B(0,ρκˆε,σ )
|∇Uκˆε,σ |2+κˆε,σ±
(κ±
2π
log
1
ε±
+q(xˆ±)+σ±
)
+O(|ε|).
We also set
ωˆε,σ =
1
ε2+
f(uˆε,σ − qε+)−
1
ε2−
f(qε− − uˆε,σ),
and we ompute as in the proof of Lemma 2.2
(52)
1
ε2±
∫
Ω
ωˆε,σuˆε,σ± =
∫
R2
F (Uκ± + σ±)
+ ( κ2pi log
1
ε±
+ q(xˆ±) + σ±)
∫
R2
f(Uκ± + σ±) + o(1).
Combining (51) and (52) we obtain
gε±(σ) =
κ±
2π
log
1
ε±
(∫
R2
f(Uκ±)− f(Uκ± + σ±)
)
+O(1).
By the PoinaréMiranda Theorem (see e.g. [27℄), when |ε| is small, there exists
σε suh that g
ε(σε) = 0 and σε = o(1) as ε→ 0. 
Evaluating Eε(uˆε) yields
Corollary 5.3. As |ε| → 0, we have
dε ≤ κ
2
+
4π
log
1
ε+
+
κ2−
4π
log
1
ε−
−W(x+, x−) + C+ + C− + o(1).
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5.2. Asymptoti behavior of solutions. We shall prove the ounterpart of
Proposition 2.5
Proposition 5.4. Let (vε) be a family of solutions to (Pε) suh that vε± 6= 0
(53) Eε(vε) ≤ κ
2
+
4π
log
1
ε+
+
κ2−
4π
log
1
ε−
+O(1),
as ε → 0. Dene the quantities Aε±, ωε±, κε±, xε± and ρε± for vε as in (50) for uε.
Then
vε =Uκε
+
( · − xε
ε+
)
+ κε+
( 1
2π
log
1
ε+ρε+
+H(xε+, ·)
)
+ Uκε−
( · − xε
ε−
)
+ κε−
( 1
2π
log
1
ε−ρε−
+H(xε−, ·)
)
+ o(1),
in W2,1loc(Ω), in W
1,2
0 (Ω), and in L
∞(Ω), where
κε = κ±+
2π
log 1
ε±
(
q(xε)−κ±H(xε, xε)−κ∓G(x±, x∓)− κ
2π
log
1
ρκ±
)
+o(|log |ε||−1).
In partiular, we have
Eε(vε) = κ
2
+
4π
log
1
ε+
+
κ2−
4π
log
1
ε−
−W(x+, x−) + C+ + C− + o(1).
and
B(xε±, r¯
ε
±) ⊂ Aε± ⊂ B(xε±, r˚ε±),
with r¯ε± = ε±ρκ± + o(ε±) and r˚
ε
± = ε±ρκ± + o(ε±).
In other words, vε satises the same asymptotis as the one stated in Theorem 2
for vε exept for the onvergene of xε.
5.2.1. Step 1: First quantitative properties of the solutions.
Proposition 5.5. We have, as |ε| → 0,
L2(Aε±) = O
(|log |ε||−1),∫
Aε
+
|∇(vε − qε±)|2 = O(1),
1
ε2±
∫
Aε±
F (±(vε − qε±)) = O(1),
∫
Ω\Aε±
|∇vε±|2 ≤
κ2±
2π
log
1
ε±
+O(1),
±
∫
Ω
ωε± ≤ ±κ± +O
(|log |ε||−1).
Proof. First note that by Theorem 2,
Eε(vε±) ≥
κ2+
4π
log
1
ε±
+O(1).
By (53), this implies that
Eε(vε±) =
κ2+
4π
log
1
ε±
+O(1).
We are now in position to proeed as in the proof of Proposition 2.6, testing (Qε)
against vε+ and v
ε
− instead of v
ε
, then against min(vε, qε+) and max(v
ε, qε−) instead
of min(vε, qε), and nally against (vε − qε+)+ and (qε−− vε)+ instead of (vε − qε+)+.
We skip the details. 
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5.2.2. Step 2: Struture of the vortiity set. In this subsetion we further desribe
the vortiity set Aε = Aε+∪Aε−. Sine it is an open set, it ontains at most ountably
many onneted omponents that we label Aε±,i, i ∈ Iε±. First we have a ontrol on
the total area and on the diameter of eah onneted omponent.
Lemma 5.6. If |ε| is suiently small, we have
L2(Aε±) ≤ Cε2±
and, for every i ∈ Iε±,
(54) diam(Aε±,i) ≤ Cε±.
Proof. It sues to repeat the arguments in the proof of Lemma 5.6. 
Lemma 5.7. There exists onstants γ, C, c > 0 suh that, when |ε| is small enough,
if
(55)
∫
Aε±,i
|∇(vε − qε±)|2 > γ2,
then for every j ∈ Iε∓,
L2(Aε±,i) ≥ cε2±,(56)
diam(Aε±,i) ≥ cε±,(57)
dist(Aε±,i, ∂Ω) ≥ c,(58)
dist(Aε±,i, A
ε
∓,j) ≥ c,(59)
while if (55) does not hold, then∫
Aε±,i
|ωε|s ≤ C‖∇q‖spLr(Aε±,i)L
2(Aε±,i)
1+sp( 1
2
− 1
r
),
where C only depends on s ≥ 1.
Proof. The proof is very similar to the one of Lemma 2.8 exept for (59) whih
remains to be proved. To that purpose, we onsider the funtion
ηε =
vε+
κ+
+
vε−
κ+
log 1
ε+ε−
.
We have
ηε|Aε±,i =
log 1
ε+
log 1
ε+ε−
+O
(|log |ε||−1),
and
ηε|Aε∓,j =
− log 1
ε−
log 1
ε+ε−
+O
(|log |ε||−1).
Therefore,
2π
cap(Aε+,R
2 \Aε−)
≥ log 1
ε+ε−
+O(1).
Using Proposition A.5 with Ω = R2 \ Aε±,i and K = Aε∓,j, and applying (54) to
Aε∓,j and (56) to A
ε
±,i, we are led to
log
1
ε+ε−
≤ logC
(
1 +
dist(Aε±,i, A
ε
∓,j)
ε∓
)(
1 +
dist(Aε±,i, A
ε
∓,j)
ε±
)
+O(1),
whih an not hold if dist(Aε±,i, A
ε
∓,j)→ 0. 
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The vortiity set is split into four subsets:
V ε± =
⋃{
Aε±,i :
∫
Aε±,i
|∇(vε − qε±|2 ≤ γ2
}
,
Eε± =
⋃{
Aε±,i :
∫
Aε±,i
|∇(vε − qε±)|2 > γ2
}
.
By Proposition 5.5, the sets Eε+ and E
ε
− ontain nitely many onneted ompo-
nents, and by (56), (57), (58) and (59), they an thus be split as Eε± =
⋃kε±
j=1 E
ε
±,j ,
where Eε±,j are nonempty open sets suh that
dist(Eε±,i, E
ε
±,j)
ε±
→∞,
lim inf
ε→0
dist(Eε±,i, E
ε
∓,j) > 0,
lim inf
ε→0
dist(Eε±,i, ∂Ω) > 0,
lim sup
ε→0
diam(Eε±,i)
ε±
<∞,
as ε→ 0. By denition of Eε and by (11), kε+ and kε− remain bounded as ε→ 0.
5.2.3. Step 3: Small sale asymptotis. We set
ωε±,v = ω
εχV ε± , ω
ε
±,i = ω
εχEε±,i ,
κε±,i =
∫
Ω
ωε±,i, x
ε
±,i =
1
κε±,i
∫
Ω
xωε±,i(x) dx.
Using the analogues of Lemma 2.9 and Lemma 2.11, one obtains the analogue
of Lemma 2.12.
Lemma 5.8. When ε is small, we have kε+ = k
ε
− = 1, and
κε±,1 = κ± +
2π
log 1
ε±
(
q(xε±)− κ±H(xε±, xε±)− κ∓G(xε±, xε∓)−
κ±
2π
log
1
ρκ±
)
+ o(|log |ε||−1)
and vε± → Uκ± in W1,rloc(R2).
5.2.4. Step 4: Global asymptotis. The ounterpart of Proposition 2.13 is now
Proposition 5.9. We have
vε = Uκε
+,1
( · − xε+,1
ε+
)
+ κε+,1
( 1
2π
log
1
ε+ρκε
+,1
+H(xε+,1, ·)
)
+ Uκε−,1
( · − xε−,1
ε−
)
+ κε−,1
( 1
2π
log
1
ε−ρκε−,1
+H(xε−,1, ·)
)
+ o(1)
in W2,1loc(Ω), in W
1,2
0 (Ω), and in L
∞(Ω).
We have now all the ingredients to omplete the
Proof of Proposition 5.4. It follows from the ombination of Lemma 5.8, Proposi-
tion 5.9 and the ounterparts of Corollaries 2.14 and 2.15. 
Proof of Theorem 6. Sine the solutions have the upper bound Corollary 5.3, one
an onlude from Proposition 5.4. 
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6. Desingularized solutions of the Euler equation
6.1. Bounded domains. In bounded domains we shall suessively onsider sta-
tionary vorties, rotating vorties and stationary pairs of vorties.
6.1.1. Stationary vorties in simply-onneted bounded domains. Let us rst dedue
Theorem 1 from Theorem 2.
Proof of Theorem 1. Take q = −ψ0, where ψ0 satises (3). One heks that ψ0 ∈
W 1+
1
s
,s(Ω) so that u ∈W 1,r(Ω) for every r <∞. Dene vε = (∇uε)⊥ where uε is
given by Proposition 2.1. The onlusion then follows from Theorem 2. 
We have onstruted in Theorem 1 a family of solutions that onentrates around
a global maximum of the KirhhoRouth funtion W ; it is also possible to on-
strut family of solutions that onentrate around a loal maximum of W :
Theorem 7. Let Ω ⊂ R2 be a bounded simply-onneted smooth domain and vn :
∂Ω→ R ∈ Ls(∂Ω) for some s > 1 be suh that ∫
∂Ω
vn = 0. Let κ > 0 be given and
let xˆ ∈ Ω be a strit loal minimizer of W. For ε > 0 there exist smooth stationary
solutions vε of the Euler equation in Ω with outward boundary ux given by vn,
orresponding to vortiities ωε, suh that supp(ωε) ⊂ B(xε, Cε) for some xε ∈ Ω
and C > 0 not depending on ε. Moreover, as ε→ 0,∫
Ω
ωε → κ
and xε → xˆ.
Proof. Assume that xˆ is the unique minimizer of W in B(xˆ, ρ). Dene q ∈ C∞(Ω¯)
so that q = −ψ0 in B(xˆ, ρ/2), where ψ0 satises (3) and for every x ∈ Ω,
κq(x)− κ
2
2
H(x, x) > κq(x∗)− κ
2
2
H(x∗, x∗).
We now apply Theorem 2 with q. By onstrution of q, we have xε → xˆ.
But then, one has, still by Theorem 2
uε(x) ≥ κ
2π
log
1
|xε − x| +O(1).
Therefore, when ε is small enough, uε ≤ −ψ0+ κ2pi log 1ε and uε ≤ qε in Ω\B(xε, ρ/2).
Therefore, for suh ε, uε solves −ε2∆uε = f(uε+ψ0− κ2pi log 1ε ) in Ω. One an now
take vε = (∇(uε + ψ0))⊥ and show that this is a stationary solution to the Euler
equation. 
6.1.2. Stationary vorties in multiply-onneted bounded domains. If Ω is not simply
onneted then Ω = Ω0\
⋃m
h=1Ωh, where Ω0, . . . ,Ωm are bounded simply onneted
domains, one an presribe for h ∈ {1, . . . ,m}, the irulations ∫
∂Ωh
v · τ = γh. In
that ase v0 is the unique harmoni eld whose normal omponent on the boundary
is vn; i.e., v0 satises

∇ · v0 = 0, in Ω,
∇× v0 = 0, in Ω,
n · v0 = vn on ∂Ω,∫
∂Ωh
v0 · τ = γh for h ∈ {1, . . . ,m}.
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If
∫
∂Ωh
vn = 0 for every h ∈ {1, . . . ,m}, v0 = (∇ψ0)⊥ where
(60)


−∆ψ0 = 0 in Ω,
−∂ψ0
∂τ
= vn on ∂Ω,∫
∂Ωh
∂ψ0
∂n
= γh for h ∈ {1, . . . ,m}.
The KirhhoRouth funtion assoiated to the vortex dynamis is then given by
W∗(x) = κ
2
2
H∗(x, x) + κψ0(x),
where one should reall that ψ0 depends on vn and γh for h ∈ {1, . . . ,m}.
We have
Theorem 8. Let Ω ⊂ R2 be a bounded smooth domain and vn : ∂Ω→ R ∈ Ls(∂Ω)
for some s > 1 be suh that
∫
∂Ωh
vn = 0 for every h ∈ {0, . . . ,m}. Let γh ∈ R
for h ∈ {1, . . . ,m} and let κ > 0 be given. For ε > 0 there exist smooth stationary
solutions vε of the Euler equation in Ω with outward boundary ux given by vn
and irulations given by γh, orresponding to vortiities ωε, suh that supp(ωε) ⊂
B(xε, Cε) for some xε ∈ Ω and C > 0 not depending on ε. Moreover, as ε→ 0,∫
Ω
ωε → κ,
and
W∗(xε)→ sup
x∈Ω
W∗(x).
Proof. The proof is almost idential to the one of Theorem 1, it relies on Theorem 3
instead of Theorem 2. 
Remark 3. One ould similarly prove a ounterpart of Theorem 7 for multiply
onneted domains.
6.1.3. Rotating vorties in a diss. If Ω is invariant under rotation, one an onsider
the Euler equation in a referene frame rotating with angular veloity α:{ ∇ · v = 0,
vt + v · ∇v = −∇p+ 2αv⊥ − α2x.
The vortiity of v with respet to an inertial frame is ∇× v + 2α. The movement
of singular vorties is governed by Kirhho's law (1), where W is replaed by
Wα(x) =W(x) +
∑
i α
|x|2
2 .
The stream-funtion method to onstrut stationary solutions in a rotating ref-
erene frame an be adapted to this situation. If −∆ψ = f(ψ) − 2α, setting
v = (∇ψ)⊥ and p = F (ψ) − α22 |x|2 − 12 |∇ψ|2 yields a solution6. In partiular, the
solution is irrotational outside on the set where ψ = 0.
Theorem 9. Let ρ > 0, κ > 0 and α > 0. If κ < 2παρ2 For ε > 0 there exist
smooth rotating solutions vε of the Euler equation in B(0, ρ) with angular veloity
α, orresponding to vortiities ωε, suh that supp(ωε) is ontained in a dis of
radius O(ε) around a point rotating on the irle of radius
√
ρ2 − κ2piα . Moreover,
as ε→ 0, ∫
Ω
ωε → κ.
6
With the same veloity eld, hoosing as pressure p = F (ψ)− 2αψ− 1
2
|∇ψ|2 would of ourse
give a solution to the Euler equation in a Galilean frame.
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Proof. Take
q(x) = −α |x|
2
2
.
and apply Theorem 2. One heks that
vε(x, t) = (∇uε)⊥(R(αt)x),
where R(αt) denote the rotation of αt, satises Euler equation. Sine
Wα(x) = κ
2
4π
log
ρ2 − |x|2
ρ
+
κα
2
|x|2,
attains its maximum on the irle of radius
√
ρ2 − κ2piα , one has the desired onen-
tration result. 
Remark 4. When κ > 2παρ2, the minimizer onentrates around 0; one reovers
thus stationary solutions as in Theorem 1.
6.1.4. Stationary pairs of vorties in bounded domains.
Theorem 10. Let Ω ⊂ R2 be a bounded simply-onneted smooth domain and
vn : ∂Ω→ R ∈ Ls(∂Ω) for some s > 2 be suh that
∫
C
vn = 0 over eah onneted
omponent C of ∂Ω. Let κ+ > 0 and κ− < 0 be given. For ε > 0 there exist smooth
stationary solutions vε of the Euler equation in Ω with outward boundary ux given
by vn, orresponding to vortiities ωε, suh that supp(ω
±
ε ) ⊂ B(x±ε , Cε) for some
x±ε ∈ Ω and C > 0 not depending on ε. Moreover, as ε→ 0,∫
Ω
ω±ε → κ±
and
W(x+ε , x−ε )→ sup
x+,x−∈Ω
W(x+, x−).
Proof. This follows from Theorem 6 in the same lines as Theorem 1. 
Remark 5. There is also a ounterpart of Theorem 7 for vortex pairs, onerning
the existene of solutions near loal maxima of the KirhoRouth funtion and a
ounterpart of Theorem 8 for domains whih are not simply onneted.
Remark 6. One an also address the question of rotating vortex pairs. Combining
the ingredients of the proof of Theorem 9, one an prove the existene of rotating
vortex pairs of strength κ+ > 0 and κ− > 0 that onentrates around two antipodal
rotating points at distane ρ+ and ρ− whih maximize the funtion
ακ+
2
ρ2+ +
ακ−
2
ρ2− +
κ2+
4π
log(1− ρ2+) +
κ2−
4π
log(1− ρ2−) +
κ+κ−
2π
log
1 + ρ+ρ−
ρ+ + ρ−
.
In ontrast with Theorem 9, the pair of vorties obtained is always a nontrivial pair
of rotating vorties for any α 6= 0, κ+ > 0 and κ− < 0.
6.2. Unbounded domains. We now onsider the appliation of the results of
Setion 4 to the desingularization of vorties in unbounded domains.
6.2.1. Translating vortex pair in the plane. We rst onsider the onstrution of a
pair of vorties in R
2
. First reall that pair of vorties translating at veloity W
in a ow with vanishing veloity at innity is, up to a Galilean hange of variables
a pair of stationary vorties in a ow with veloity at innity −W. The stream-
funtion of the orresponding irrotational ow is ψ0(x) = W
⊥ · x. Therefore, the
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positions of two vorties of opposite intensities κ and −κ in the moving referene
frame is a ritial point of the KirhhoRouth W dened by
−κ2
2π
log
1
|x− y| +W
⊥ · x.
Theorem 11. Let W ≥ 0 and κ ≥ 0, for every ε > 0 there exist smooth stationary
solutions vε of the Euler equation in R
2
symmetri with respet to the x2 axis
and suh that limx1→∞ vε(x) = (0,W ), orresponding to vortiities ωε, suh that
supp(ωε) ∩R2+ ⊂ B(x¯, Cε), where x¯ = ( κ4piW , 0).
Proof. The problem an be redued to nding a solution in R
2
+ with vanishing ux
on the boundary. The orresponding KirhhoRouth funtion is
W(x) = κ
2
4π
(log 2x1)− κWx1
This follows from the existene result of Theorem 4, the asymptotis of Proposi-
tion 4.1 and Proposition 4.6. 
6.2.2. Stationary vortex in the half-plane with non-vanishing ux. The method just
used extends to non-vanishing ux boundary onditions:
Theorem 12. Let vn ∈ L1(R)∩Lsloc(R) for s > 1. If
∫ 0
−∞
vn = −
∫∞
0
vn > 0. For
every W > 0 and κ > 0, if κ/W is small enough and if ǫ > 0 suiently small
there exist smooth stationary solutions vε of the Euler equation in Ω with outward
boundary ux given by vn and limx1→∞ vε(x) = (0,W ), orresponding to vortiities
ωε, suh that supp(ωε) ⊂ B(xε, Cε) for some xε ∈ Ω and C > 0 not depending on
ε, and
∫
R2
+
ωε → κ.
Proof. Dene ψ0 by 

−∆ψ0 = 0 in R2+,
∂2ψ0 = vn on ∂R
2
+,
ψ0(0, x2)→ 0 as |x2| → ∞,
ψ0(x)
x1
→ −W as x1 →∞.
One heks that by our assumptions,
ψ0(0) > 0.
In order to apply Theorem 5, we need to nd xˆ ∈ Ω suh that
(61) κψ0(xˆ) +
κ2
4π
log 2xˆ1 >
κ2
4π
(
log
κ
2πW
− 1
)
.
One takes xˆ = ( κ4piW , 0). If κ/W is small enough, one has
κψ0(xˆ) > 0,
and one heks that
κψ0(xˆ) +
κ2
4π
log 2xˆ1 >
κ2
4π
log
κ
2πW
>
κ2
4π
(
log
κ
2πW
− 1
)
.
The onlusion follows then from Theorem 5. 
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6.2.3. Stationary vortex in a perturbed half-plane. Instead of perturbing the bound-
ary ondition on the half-plane, one an instead perturb the geometry. The rst
situation is the situation in whih one has for example enlarged a little bit the
half-plane around 0:
Theorem 13. Assume that Ω is a simply-onneted perturbation of R2+ in the sense
of (47). Let x¯ ∈ ∂Ω be suh that x1 > x¯1 for every x ∈ Ω, ∂Ω is of lass C2 in a
neighborhood of x¯, then for every W > 0, if κ > 0 is suiently small and if ǫ > 0
suiently small there exist smooth stationary solutions vε of the Euler equation
in Ω with vanishing boundary ux and limx1→∞ vε(x) = (0,W ), orresponding to
vortiities ωε, suh that supp(ωε) ⊂ B(xε, Cε) for some xε ∈ Ω and C > 0 not
depending on ε and
∫
Ω
ωε → κ.
Proof. We are going to obtain the solutions by applying Theorem 5 with q = −ψ0.
Let v0 be the irrotationnal stationary solution to the Euler equation with vanishing
ux on ∂Ω and limx1→∞ v0(x) = (0,W ), i.e. v0 = ∇ψ⊥0 with
(62)


−∆ψ0 = 0, in Ω,
ψ0 = 0 on ∂Ω,
ψ0(x)
x1
→ −W as x→∞.
In order to apply Theorem 5, we need to nd xˆ ∈ Ω suh that the ondition (61)
holds. First, by the strong maximum priniple, one has ∂1ψ(x¯) > −W , so that
there exists γ ∈ (0,W ) suh that in a neighborhood of x¯,
ψ0(x) > −γ(x1 − x¯1).
If we onsider the point xˆ = (x¯1 +
κ
4piW , x¯2), one has
κψ0(xˆ) > −γ κ
2
4πW
.
On the other hand, if K denotes the urvature of ∂Ω at x¯, one has by Proposi-
tion B.1,
κ2
2
H(xˆ, xˆ) = −κ
2
4π
log
κ
2πW
+O(κ3).
Therefore, if κ is small enough, one has (61), and one an then apply Theorem 5
to obtain the onlusion. 
6.2.4. Translating vortex pair near a translating axisymmetri obstale. We an
also treat a situation in some sense opposite to the situation of the previous setion.
We obtain the desingularization of vorties on a set whih is obtained by removing
some part of the half-plane. By a Galilean hange of variables and by extension by
symmetry of the ow, this orresponds also physially to a rigid body in translation
together with a pair of vorties. A similar problem was studied through the vortiity
method by B.Turkington [42℄
Theorem 14. Let D ⊂ R2 be a ompat simply-onneted set with non-empty
interior and symmetri with respet to the x1 variable. Then for every κ > 0 and
W > 0, if ε > 0 is suiently small there exist smooth stationary solutions vε of
the Euler equation in R
2 \D symmetri with respet to the x2 axis, with vanishing
boundary ux and suh that limx1→∞ vε(x) = (0,W ), orresponding to vortiities
ωε, suh that supp(ωε) ∩ R2+ ⊂ B(xε, Cε) for some xε ∈ Ω ∩R2+ and C > 0 not
depending on ε and
∫
R2
+
\D ωε → κ.
Proof. Set Ω = R2+ \D. We shall onsider the ase W > 0 and κ > 0, and we shall
assume that B(0, ρ) ⊂ D ⊂ B(0, R). We use again Theorem 5 and therefore we
shall prove that (61) holds for some xˆ ∈ R2 where ψ0 solves (62). We shall take
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xˆλ = ( κ4piW , λ
κ
4piW ) where λ ∈ R. By the maximum priniple on Ω, one has for
x ∈ Ω,
ψ0(x) > −Wx1 +W x1ρ
2
|x|2 .
Hene, we have
κψ0(xˆ
λ) ≥ −κ
2
4π
+
4πW 2
1 + λ2
,
with c′ > 0. We also use the formula of the Green funtion G˜ of R2+ \B(0, R) used
by B.Turkington [42, p. 1047℄
G˜(x, y) =
1
4π
log
1 +
4x1y1
|x− y|2
1 +
4R2x1y1
(x1y1 + x2y2 −R2)2 + (x2y1 − x1y2)2
Sine G˜(x, y) ≤ G(x, y), one has therefore
H(x, x) ≥ 1
2π
log 2x1 − 1
2π
log
(
1 +
4R2x21
(|x|2 −R2)2
)
,
whene
κ2
2
H(xˆλ, xˆλ) ≥ κ
2
4π
log
κ
2πW
+O(λ−4).
One heks thus that for λ suiently large,
κψ0(xˆ
λ) +
κ2
4π
log 2xˆλ1 >
κ2
4π
(
log
κ
2πW
− 1
)
.
and the onlusion thus follows from Theorem 5. 
Appendix A. Capaity estimates
Let Ω ⊂ R2 be open. The eletrostati apaity of a ompat set K ⊂ Ω is
cap(K,Ω) = inf
{∫
Ω
|∇ϕ|2 : ϕ ∈ C∞c (Ω) and ϕ = 1 on K
}
.
Let us rst reall the following standard apaity estimate whih was disovered by
H.Poinaré [37, p. 1722℄ and whose rst omplete proof was given by G. Szeg® [41℄.
Proposition A.1. Let Ω ⊂ R2 have nite measure. For every K ⊂ Ω,
4π
cap(K,Ω)
≤ log L
2(Ω)
L2(K) .
Proof. One shows by the PólyaSzeg® inequality (for a modern treatment, see e.g.
[25℄, [29℄ or [12℄) that
cap(K,Ω) ≥ cap(B(0, ρ), B(0, R)
if ρ and R are hosen so that L2(B(0, ρ)) = L2(K) and L2(B(0, R)) = L2(Ω). One
an then ompute expliitly the right-hand-side to reah the onlusion. 
When L2(Ω) = +∞, Proposition A.1 loses its interest. However, one still has:
Proposition A.2. Let K ⊂ R2+, we have
4π
cap(K,Ω)
≤ log 8π supx∈K |x|
2
L2(K) .
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Proof. Set a = supx∈K |x|2 = 1 and dene the onformal transformation
ψ(z) =
z − a
z + a
.
We have ψ(R2+) = B(0, 1). By the previous Lemma, we have
4π
cap(ψ(K), B(0, 1))
≤ log 2πL2(ψ(K)) .
The onlusion omes from
L2(ψ(K)) =
∫
K
|ψ′|2 ≥ L
2(K)
4a2
. 
Another question about estimates of the apaity is whether one an estimate the
diameter of K, instead of its area, by its apaity. This is possible if one assumes
moreover that K is onneted. L. E. Fraenkel [21℄ has obtained in this diretion the
inequality
2π
cap(K,Ω)
≤ logC diamK√L2(Ω) .
We improve this estimate so that it holds on unbounded sets and it takes into
aount the distane from the boundary.
Proposition A.3. Let Ω be suh that R2 \ Ω is onneted and ontains a ball of
radius ρ and K ⊂ Ω be ompat. Then,
2π
cap(K,Ω)
≤ log 16
(
1 +
dist(K, ∂Ω)
2ρ
)(
1 +
2 dist(K, ∂Ω)
diam(K)
)
.
Proof. Sine K is ompat, up to translations and rotations we an assume that
0 ∈ K and dist(K, ∂Ω) = dist(0, ∂Ω). Let A∗ and Ω∗ be the sets obtained by
irular symmetrization around 0 introdued by V.Wolontis [45, III.1℄ (see also
J. Sarvas [39℄). We have
cap(A∗,Ω∗) ≤ cap(A,Ω),
[− diam(A)/2, 0] ⊂ A∗,
and, sine R
2 \ Ω∗ ontains a ball of radius ρ,
[dist(A, ∂Ω), dist(A, ∂Ω) + 2ρ] ⊂ R2 \ Ω∗.
We have thus
cap(A,Ω) ≥ cap([− diam(A)/2, 0],R2 \ [dist(A, ∂Ω), dist(A, ∂Ω) + 2ρ].
Now, identifying R
2
with C, there exists a Möbius transformations that brings the
points − diam(A)/2, 0, dist(A, ∂Ω) and dist(A, ∂Ω) + 2ρ to −1, 0, s and ∞ with
s =
(2ρ+ dist(K, ∂Ω) + 12 diam(K)) dist(K, ∂Ω)
ρ diam(K)
,
from whih we dedue that
cap(A,Ω) ≥ cap([−1, 0],C \ [s,+∞[).
The onlusion omes from the next lemma. 
As in L. E. Fraenkel's proof [21℄, we use
Lemma A.4. Let s > 0. We have
2π
cap([−1, 0],R2 \ [s,∞)) ≤ log 16(1 + s).
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Proof. We have the formula [43, 5.60 (1)℄
cap([−1, 0],R2 \ [s,∞)) = 2K(
√
1/(1 + s))
K(√s/(1 + s)) ,
where K is the omplete ellipti integral of the rst kind
K(γ) =
∫ pi
2
0
1√
1− γ2(sin θ)2 dθ.
Sine (see [3℄)
K(γ)
K(
√
1− γ2) >
π
2 log
(
2
1 +
√
1− γ2
γ
)
We have then
cap([−1, 0],R2 \ [s,∞)) > π
log 2(
√
s+
√
1 + s)
>
π
log 4
√
1 + s
=
2π
log 16(1 + s)
. 
We also have an estimate in the ase where the inner radius ρ ofR2\Ω is replaed
by the onnetedness and the measure of R
2 \ Ω.
Proposition A.5. Let Ω be suh that R2 \ Ω is onneted and has nite measure
and K ⊂ Ω be ompat. We have
2π
cap(K,Ω)
≤ log 16
(
1 +
π dist(K, ∂Ω)diam(R2 \ Ω)
2L2(R2 \ Ω)
)(
1 +
2 dist(K, ∂Ω)
diam(K)
)
Proof. One begins as in the proof of the previous proposition. We have then that
[dist(K, ∂Ω), dist(K, ∂Ω) +
2L2(R2 \ Ω)
π diam(R2 \ Ω)] ⊂ R
2 \ Ω∗.
And one ontinues as previously. 
Appendix B. Green funtion asymptotis
This appendix is devoted to the study of the asymptoti expansion of Green's
funtion near a point of the boundary:
Proposition B.1. Let Ω ⊂ R2 and assume that Ω is of lass C2 around 0 and
that the tangent to ∂Ω is perpendiular to x1. One has then as ε→ 0,
G(εx, εy) =
1
4π
log
|x− y|2 + 4x1y1
|x− y|2 − ε
K
2π
x1|y|2 + y1|x|2
|x− y|2 + 4x1y1 + o(ε).
uniformly on ompat subsets of R
2
+ × R2+, where K is the urvature of ∂Ω at 0.
In partiular,
H(εx, εx) =
1
2π
log 2εx1 − εK|x|
2
4πx1
+ o(ε).
Proof. Dene
wε,y(x) =
1
ε
( 1
4π
log
|x− y|2 + 4x1y1
|x− y|2 −G(εx, εy)
)
.
This funtion is dened for every x, y ∈ Ωε = {z ∈ R2 : εz ∈ Ω}. Moreover, wε,y
satises 

−∆wε,y = 0 in Ω,
wε,y =
1
4πε
log
|x− y|2 + 4x1y1
|x− y|2 on ∂Ω.
By onstrution, wε,y is a bounded funtion. We rst laim that wε,y is bounded
uniformly in L∞(Ωε) as ε→ 0 and y stays in a ompat subset of R2. Indeed, sine
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Ω is C2 around 0, there exists r > 0 suh that if z ∈ ∂Ω ∩ B(0, r), |z1| ≤ C|z2|2.
One has thus, for x ∈ ∂Ωε ∩B(0, rε ), |x1| ≤ Cε|x2|2, and therefore, when ε is small
enough
|wε,y(x)| ≤ C
′
ε
εy1|x2|2
|x− y|2
On the other hand, if x ∈ ∂Ωε\B(0, rε ), then if ε is small enough, x ∈ ∂Ωε∩B(0, r2ε )
so that x1 ≤ 2|x− y| and |x− y| ≥ r2ε , and
|wε,y |(x) ≤ Cε.
Sine, Ω is of lass C2, there exists a funtion f : I ⊂ R → R suh that
∂Ω ∩ B(0, r′) = {(f(t), t) ∈ Ω : t ∈ I}. One has thus, using the Taylor expansion
of f and realling that f(0) = 0 and f ′(0) = 0,
wε,y(x) =
1
4πε
log
(
1 +
4y1ε
−1f(εx2)
(ε−1f(εx2)− y1)2 + (x2 − y2)2
)
.
Therefore, by lassial regularity estimates, wε,y onverges uniformly with re-
spet to ompat subsets of R
2
+ ×R2+ to the unique bounded solution of

−∆wy = 0 in R2+,
wy =
f ′′(0)
2π
y1x
2
2
y21 + (x2 − y2)2
on ∂R2+.
One an hek that
wy(x) =
f ′′(0)
2π
y1(x
2
1 + x
2
2) + x1(y
2
1 + y
2
2)
(x1 + y1)2 + (x2 − y2)2 .
The announed expressions for G(εx, εy) and H(εx, εx) follow. 
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